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this thesis is eonceraed with a class of inclusion 
problem* la two^immsionul elasticity* "Inclusion* Ms 
boon defined as a reg low, having tit* sane elastic 
properties a* ttwt of the surrounding «ubertaX t the 
'latrlsS Inclusion tends to undergo spontaneous 
defamation* this t«d#noy would result in prescribed 
•train* in tim inclusion* in tbs absence of tbs matrix* 
however* because of tin constraint* of tin matrix,*, system 
of elastic field develops both in tbs Matrix and in tbs 
inclusion. Such problsn# bar® been studied in IM« thesis* 
the oo*pl***ir»riaW « Method has fee<?a applied to 
•civ* tins* problems* f m result* depend upon tin taewledge 
of tbs effect of point-fores. Whan the point-feree eets upon 
m infinite medium, tin results are veil know mA mm he 
found practically in ell important corks on elasticity* 
these results have bow used to find the solution when the 
circular Inclusion tends to undergo any general type ef 
spontaneous defom * tion . (Previous workers had eons tiered, 
enly e uni fore strain)* this centralisation gives results* 
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widen have important physical interpretations* duete 
general! nation Is passible even for t tee elliptic inclusion 
problem* teat only a particular example teas been solved 
to Illustrate the basic ideas* 4s will tee obvious* these 
results cam tee applied for inclusions of various shapes* 

4 Converse problem can alio tee tackled* namely what 
happens if the matrix T in place of Inclusion* undergoes 
spontaneous deformation* One such problem Is solved 
in this thesis but the result* on tee generalised* 

For a scml-lnflnltt region or an infinite strip 
when the leading edges are free from stresses or 
displacements* the results of the effect of at point-force 
in the interior are not readily available* Moreover* 
mm known results for a half plane can tee applied only 
after considerable manipulations* In this thesis* however* 
the results are given which enable to find exact analytical 
solution to the circular inclusion problem mhm it is 
embedded in a semi-infinite .region or is cymes trieally 

of mis inf JmbesMp 

situated in m infinite strip. In the latter sass^ths 
results are obtained in terms of an infinite integral which 
have besRi solved numerically and results are given In 
tabulated form* In both the cams the problem has been 
solved for the two cases ^ . , 1|S ! ...f ■ ■>. ' '■ 1 f! ■ i— - ■ " . .. 

free from tractions and displacements* 
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TMs thesis concerns itself with a elms of 
inclusion problems is fch* influx tesiaai theory of 
elasticity* ttm problem may fee stated briefly as 
follow® i 

h limited region in as isotropic elastic taediua 
tends to undergo spontaneous dimension changes* If 
the elastic properties of limited region are the mm 
a® those of surrouadiag Material* tl* 'matrix* t It will 
be termed as * inclusion* otherwise It would be called 
* iabottogenelty * « this spontaneous deformation would 
be « prescribed strain Is the absence of elastic 
constraints of the matrix, tm mutual constraints of 
the inclusion awl the Matrix generate a systea of 
locked up accommodation stresses in both the regions* 
The problem is to find the elastic field end consider 
related problems in the inclusion and Matrix* 

The problem is not only a mathematical cue but 
has important applications* For example* such problems 
is arise in carious investigations of physics and 
technology* e*g* in brittle fracture* precipitation 
hardening* alloy cohesion* restricted plastic How* 






by Sshelby ((10)), where he mde use of what may be 
described as poi at«*force technique* 

Im though threm^lmensional inclusion problems 
are sore realistic, they involve analytically intractable 
Integrals of formidable nature. Bu; the problem is 
comparatively simpler in t«o«di aenslonal situations ms 
in tlis eases of plane strain or plane stress problems. 

It is be souse the eomplex^vu ri a bie method ©an be applied. 
This method was formulated by lesson and bhargava (03))* 
they Illustrated the method by soloing the elliptic 
inclusion problem* 

Another method of solving such problems m» 
given by Bhargava «44})» fids was the application of 
classical minimum energy principle to solve such problems* 
It m» applied by Bhargava and aadhekrlehaa {{ft , 10}} to 
solve the problem of an elliptic imhomogeneity In an 
lsetrepie medium* fids method was subsequently applied 
by them to solve a more general problem, when the 
inbemogeneity and matrix mm of different or the trap le 
material* mills ((33}) gave the solution of a simpler 
'problem of m elliptie inclusion in a oubio material, 
by poittWore* technique. 



substantial contributions, to two-dimensional 
elastic inclusion problems, were aade fey ft.apoor ((37)). 

'Hu not only dealt with the problem of inclusion of 
various shapes «•£* rectangular and triangular but also 
solved the problem# wl*er«i tbs Inclusion interacted with 
an inclusion or an inhomogeneity or a cavity in an 
otherwise infinite medium# 

teoently a* J# Kaops ((34)) derived an equation 
for the strmli&s of an arbitrary clastic field in m 
infinite nutria perturbed by several inclusions and 
solved it exactly when the stetr moduli of inteaogentititg 
and matrix are identical and when only a single 
ellipsoidal inclusion perturbs a field uni font at 
infinity, done other recent contributions in this 
field of study bare been concerned with using variational 
netted# to derive bounds for the aggregate moduli ©f 
multiphase! materials having arbitrary phase geometry* 

In this Connecticut reference may be made to the cork 
of Hasbttt and Bhritoaan ((3b)) ate Hill <(3#, 37, 3®)) 
where, In particular, bound# are presented for the Mb 
and shear moduli* mil ((39)) also estimated the overall 
moduli of an arbitrary fibre composite with transversely . 
isotropic phases ate also the macroscopic elastic moduli 
of two phase e— p s sites ((40)), Budl snaky C(41>) gavm ^ 
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solution of above problem* * 

Another stop la to consider th« aatrl* <ae * aediwe 
consisting of m Infinite elastic strip* Solution of 
inclusion problems in infinite cad eeal»iaflnlte media 
be coa#« particular «■;*#«« of such a eolutlou. Problem 
of m inclusion la m Infinite strip bus also been 
considered in this tin sis* 

We recount below the mrk done in this tbs sis* 


la the first t m chapters, m Mm given relevant 









ajrouad t'tm inclusions and wfc®n th* width of tt» 
is ten times fct»# raaius of circular inclusion ti 
differ slightly fro® those for fcho in.fiw.te mm 
i 
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ttf©-ttl*asioria2 Cartesian coordinate# 
tutedlfic&stoftal polar coordinate# 
tvp*dia«nsional elliptic; ooordtout## 
displacement cm loasnts la Carte # tm coordinates 
displaciwmt oo»,.*oi»a&« to polar coordinates 
strain mMummik* to Car teal on eoordinatta 
at rose ixMponunbs to Cartesian ©oordimte* 
stress con, ^onents in polar coordinates 
# treats emp&mut® to elliptic coordinates 
Pol »son*s ratio 
1®}#* 

for plane stress case 

for plane strain mm 

square foot of *1 

coefficient of linear expansion 

t taper* tore distribution 

denote* tfeat subscripted quantity per tel m 
to Inclusion 

denotes fclmt subscripted quantity pirlilni 
to matrix 

denotes to® emplm conjugate 

denotes differentiation site respect to the 
argueent 
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CHAP?*.# I 

com t 

fbis chapter summarises to© camples-vari able Method 
©f solving twr^iaensional pro biota* in infinitesimal 
theory of elasticity* This eethod ©f solution was first 
indicated by Golosov ((!)) in 1908, and was developed 
in Bus si* extensively* jfotab 1« mention may fee made of 
tin classical book by Buskbelishvili (('?)). However tbc 
literature remained unknown for % long time (till the 
publication of 1 * 3 * sekoXnlfcof r • s book ((4)) to to* 
workers in west, and Mm independently discovered by 
Stevenson ((b))* fho theory ha* also been discussed by 
SOkolonikoff ((4)) Green and Serna (<?)) and Timoshenko 
and Goodies ((b)) et* al* 

Tbs solution of this class of problems depends 
upon two analytie functions of ccmplesMrsrietole 
dll tbs formulas utodeb will be needed in tide thesis 
are included in what f die us, for ready reference* 



the attention stall toe restricted to those plant 
strain problems for which the body force® are aero. In 
plane strain problems the a*es can be oteaen la such a 
way ttafc the displacement component In z direction is 
aero and other two displacement eoaponents are functions 
of x and «$ only, thus the strain components 
are identically equal to aero and therefore by tlwok«*s 
law t fas stress component t> d2 . , p^ are also aero. 

From e xx -= o v it nay to® noted that p>, x = 0 ( fc*.*. 4 - 1*^) 

where V la the ?ols#oa*s ratio. Ail the remaining 
components of stress and strain uro functions of *■ mA *$- 
only. 

turn equilibrium equations in the absence of body 
force# are 

^ = 0 > 4 -^ = 0 , «) 

and it can be shown with the help of ocmpatlb&lity equation 

^feg*X 4. Ill) 

3*j> •d*- x — Toc'a^ 

.and ( 1 ), that tWrb^ Li tarmonic function. It may : 
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be remarked* la plane strain case, other compatibility 
relation* are identically satisfied* 
noting that | 


2L - /?i- +- £- \ 2/ i <1 _ i A 

bx v <*z. 'dz./ ■> ^ 35- ' 

and, ta+hw satisfies Laplace** equation 

V\tw«i- W _ 4|^_(iw-^)=°. 
we at once obtain 

tw •*-!>.,„ = 2-(i‘ I )+-l^ ) ), 

where the factor a lias been inserted for the sake of 
convenience and £o-) and ?(*> am complex conjugate 

J*Wi|uh A# sS AVMi aMt 

ZilACVUOS* 

ABOttMII 1 tii.G£i i»wiw 1 I3|£ f^«>cic. ^ Htt(t (■« 

may be obtained m follows t 

Multiplying aecetxf of equations (1) fey i subtracting 
it from tee first equation and using (4), we obtain 


^ = 1S«>, 


13) 


(4) 
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where d&sfa demotes differentiation w.r.t. t be argument 
inside the bracket. 

Integration of <#} with respect to z gives 
lsicediately 


- 2. [z §'(*> + SC* >3 (6) 

where ¥<*j is second function of * * It is thus 

obvious that the stresses, *>*.«. , tv* and Xty and also 

>*.*.= +-&»*) »ay be r® presented in tew® of two analytic 

functions 4>c*> and and of z , 

In order to obtain the corresponding expressions 
for displacements, itootee** law connecting the strain to 
stress is used * 

G *' = -L { p^- v(t>^ +- \> zt ) | 

c^v, ■= (kz+M | 

W) 

a* 

where e is Young’s modulus, and 

EL v 

r at i+^J 
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nation (?) ctombinti with (4) and (#) would give 

and hence* after lategrating with respect to x nod 
taking the complex conjugate expression throughout* 


iKC^iUj) = -2ltz) - J ¥<-*) olx 4- *U) , (8) 

where 1(.*> is at prcs< nt is still undetermined* It may 
he show* with the help of (2) and (7) that 


7U.Z) = K j 3? Cr.)4x. (®) 

where k® b.-^- 

Introducing two functions 4c*> and M't*) t defined by 

$t*) = +'Cz) !<!*■} = ^cz) Cio) 

the basic formulae# (4) f (8) ami (8) giving the complex 
representation# of the stresses and displacements say be 
written in various equivalent fonts 


Cm) 


^+-t>yy - *.[*“> +-fCH) ] « XL*'**) 
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+ $ 00 ] = ■ Htb) 


2 ^tu«^^)= K+CO-^'O) -*<?> Ule) 

finally 9 we obtain free* first two of these equations by 
subtraction 


fce* - « f C*) + $ cs; "• a £'<*■> ~ *<>) ■ 

If the sacs x , y. ere rotated through m angle e 
in the anticlockwise direction and the new axes denoted 
by axes ^ , f' f tbs stresses kv, ty**, ty y <*** u*- , u/ 

referred to x; y axes are related to he*. , lv^ , hv > 

«*., u v referred to ^ , in the following manner 


h* +• fy v' ~ K*'f hy 


( Vv'-tw-<-* d hy) 


t* 


vy 


■3-iPyCS/) e. 


a-Ce 


and 


C.U*'* t tu,') _ (.U* +• t UL^) e c 8 


(m 
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SO teat if fcm iM'A ^-t are normal and tangential 
components of stress acting on a boundary at a point 
viier* outward normal mahes an angle & with the x^iit 
then 

X ( I’-nw - L tVrt ) =• te*->c 1 ~t > NiN) — C bvy- IW' 4 -' 2 - 1 lVy ) a (14) 

i3ubititutiii| ti>* values of ^x.* r 
from (11a) and (lib) in (14) gives 

. r 

Kyi- iKt- $ ^ c5> " t 2 S' c *> +• $ tz) 3 *•* 6 (14) 

If til* stresses lv» m i f\\t are prescribed on tbi boundary 
L. > then z will be * point on L- ♦ 

Mow, m shall briefly discus® 'below tbt consequences 
of tee chat iges of origin and of the rotation of axe® on 
the functions +» and , corresponding to a 

given state of stress of a body. 

first investigate tee effect of translation of the 
origin to a new point c*., *.) . let c*,d and os*) be 

the coordinate® of the sane point in she old and new 
system* 
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tn9% 

-Z 0 s 'yLZ + ^ Z=.x_4-i^ , z, = 

It is obvious that 

Z = z, 4 ~ z. 0 (it) 

low m start with the formulas (11a) md (lib), denote by 

$,cm anA lit*.) the functions playing in the mv system 
the same role as $.00 *ni $£*■; in the old one* SI nee 
the stress component# are invariant to tranel&tl oti f one 

be* by <11*) 

Re {$(*.) } = Re ir t (z-z.) 

whence 

1 O) ^ l^z-z-o) Ci?> 

It ®*y be r ©marked that the addition of e purely 
imaginary constant on the right hand side eould have no 
influence on the stress distribution* 

The foreula Cl lb) given 



9 


Z + ?LO) a +“ ^ 4 

- 5',C^- Z ») + $4 tx ’ z ") 

=. zl 3?^ C Z- z a ) -t- $,C2L-Z 0 )- z:* C*-*«) 

h«nee» by U?) 

^(X)= $, CZ-2-) -z. j; Cz-Z-) (]£) 

Integrating ( 1 ?) and (IS) with respect to x on# obtain# 

<K*)~ + ( Cz~z 0 ) 

Of) 

vj/cz-)- ti CZ-Zo) - z 4 4 , C-z-x.) 

Arbitrary eon# t ant# which do not affeot tit* #tr##a« 
distribution have been omitted. 

Mxtt consider the effect of rotation of ax##» keeping 
tbe origin fixed. If t fee mw axi# o*. mkm an angle 

with the axi# ox 9 then the point c*>\n in the (X^p 

eoordinate cysten is related to the point c*.,*} in the 

1*1 , 'M coordinates by the 'relation . 

X. =. "* » COS Ot, - vj , SW <*• , 

vj - £vVv ^1-31 ■ 



therefore 


=. C^i+Oi) e 


iA 


or 


Zr Z,€ is^zx 21 ^ 


(SO) 


fining fco fcb® inverieoas of &.*.+■!*** , one has f on the 

basis of ills) 

f^e Cz-i) =. $.1 C ^ ^ ) 


whence, ostitfcing a purely ifitigi&iry constant bet«* 


ICO = £< C^e" £<< ) 


low using formula analogous to second of Cl®) 


2 , #; C z i) +SF.C*,) = [* I'Cz) + * 6 U] e 


O-ipC. 


finis 


*•'<*. \ n r 2 -^ 


2 $'(*.) +• VK*\ = [z €. £< i; Cz e lBl ) + «, tze 1 )]£ 


fwrtbsti noting that by (31) that 






one gets 
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Integrating <?i) und (^) with respect to z. and 
omitting unnecessary arbitrary constants which do not 
influence tm stress distribution* one obtains 


<K*> = 


ue iA ) 


+ 1 

c z. e 1 * 1 ') 


m ) 
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GUAtm u 

iiauciub vmu im poximoica 

As this the si® deals with a class of inclusion, 
problems in elasticity theory, a brief description of 
tbs problem is given* Tm method is explained with t toe 
help of the well known circular inclusion pro biota* the 
Inclusion problem states that i 

A region (the inclusion) ©f on elastic material tends 
to undergo a spontaneous, change, which in the absence 
of tbs surrounding material (the matrix), of the elastic 
material, would be a prescribed boaogencouc de formation* 
d tress** develop because of the constraints* the problem 
is to find the elastic field* Precise meanings to the 
terms 'used in this thesis are given below f 

•Inclusion* is the region, which 1# def ormlng and 
is of the seat material, as tot of surrounding material, 
the matrix* low »« the inclusion undergoes a spontaneous 



interffcee 1 « mvmowa of th« prohlm* However* a very 
powerful am* ingenious motto* to eelve smb proto)* at m a 
flm toy Katoeltoy ((10)). It unto the results due to a 
potato* foree la mi infinite aediuo. He .briefly go over 
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%m argents which invokes a sequence of following 
toypouwtloal operations* und which salves toe pro bleat. 

First out out tbs- Inclusion from t he nediuii mA 
allow it to achieve free at at* conflgur atlon. How* ms 
it is* iaclusiua can no longer be fitted without straining 
Into the cavity fro® vision it was taken out# Heat 
1 impress upon it Us surface tar met! .ons* that restore its 
original dimensions. At this stage there will toe a 

present to t be inclusion. tie shall cull this 
atreaa-fUid as 11 the constrained strcss*fitld** for 
future reference. insert the stressed inclusion into the 
cavity left behind end reioin the material aoross the 
cut. At this stage m stresses appear la toe matrix, 
finally* a distribution of point force® equal and opposite 
to the impressed surface tractions* is introduced on the 
boundary* if the matrix mm absent* these force® 
would obviously nullify the surface tractions and would 
generate an elastic deformation which will exactly take 
the inclusion to Ate free state configuration. Bows vet* ' 
owtof to toe elastic constraints of the matrix* an elastic 
field 'would toe produced in the matrix and m additional 
field in tin Inclusion* 
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Tfctta» if the stress field in a system* due to a 
concentrated fore© at a point* is known* the cumulative 
effect due to the distribution of poi«t*force* can fee 
found by integrating along the boundary. fne stress* 
field ia the matrix, 4m to the defaming inclusion* 
will to same ag due to the distribution of point forces* 

In the inclusion, howieer* tm stress field is obtained 
by superposing to® stress*field due to the layer of point* 
forces* on that originally present due to the impressed 
surface tractions* 

The problem of a concentrated force acting at a 
point in an Infinite elastic medium was first discussed 
by lord Kelvin ((!§))* A force (X>\, z) acting at a 
point L^-y't, z) * produces a displacement t^, r , u>) 
at (*-, >*, 7.) given fey the foroul .s 

U - h - r X+-3K X , . t fXC*-*,) + YtV*)*Zt*--s,) 

8ttK^+>) [T+fT d ^ Cx ' x ‘>t 5? 

where 

d\ C'^- 5C 0 :4 '+- tz-z,) 1 - 


with similar expression for v- and ur * 



ibr two-dimensional pyotol the expression fox* 
displacement xt & point (*, due to a concent rated 

force acting at a point i*, i« 


2 . fiU. 


lcX 

tui+k) 


t 






f X ^ (X- XQ 1 - 4-a. cx-Xi) ( ^ - 'j., ) 

tx _^ oa . ^ 




kV 

TUH-K) 
+• 


_ju_r 

atr( tct-i) ^ 


Y| (X- X,) X | -4- XC*-" M <> C Si-' **» ) 

c x-x,) 2 - +- C.^-'ix)^ 


wtoere k=z>-4v , for plane strain and k» for 

| 4~V 

the plan# stress mm« 

4 eonplex-var table formulation for such profciera 
can be easily fowid out* as already stated in the last 
chapters the elastic field is completely known* if two 
functions 4 os and * c*) are known. In the cate of a 
concentrated force P - * + lY acting at point S of an 
unbounded elastic body the complex potential functions 
and are glwen in dreen. and leraa «?» as 


^-TTCH-k) (Z~%) 








to that 


_ y ( ^ 4- ^3. ) 
4s a V cts <^-s s 


da\ _ l_ / < =*-% __ <i% 
■a? " % \ as 4.s / 


( 26 ) 


how aay be renewed toy writing the equation of f 7 
In the fora £ = $(.%) 

4t the jsolat (l.’i) of m inclusion boundary ^ « 

the outward noraal to P h*s direction eosines ^ , -^S. 

linnet* if Kshslby' » typ-otiietloal stress* field is 

the point- force eo«pon«nts per unit length are 


* = ^V'S!) 


Sow* making use of equation (91) one can arrive at the 

expressions 

pd-s.- -h £ - (foe* J v 

p4c=. -i [ C ^~N*y) d -^ " iW} 

Hence the expressions for ansi pol$ la (31) ere known* 

As an illustration let us take e circular inclusion 
of unit radius it an infinite elastic aedltst* hit tends 
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to expand to a else of radius n>£ « In the absence 

of matrix, (where S 1® small so tbit the line.-sr theory 
of elasticity la applicable*) fhis i® .chut has been 
teraed a® ‘free inclusion*# At tola stage, we reduce 
the inclusion to the size of the hole by applying surface 
tractions* fht displacement field Is given by 

u^= - S **- , u-vj = - &y 

and therefore the strains ~ s , G vy =-^ , « o arid 

hence 'by Bootes's law 

H* leave this inclusion in the hole and apply surface 
tractions (which would have taken the inclusion to its 
free state in the absence of the matrix)# fhis in effect 
generates a layer of point forces* and are obtained fron 
(17) | toy substituting the values of I?**. , K? 
as given toy above relation with negative sigh, moi 

Pas =-ai tx+^) & *£ , p - AtCX+W S' d. 5 

Substituting these values of p*l. s and p * 51 in <BB), 
evaluating the Integral and noting that p |« i circle of 



unit radius, m get, for a point z In tin* inclusion 

>VU *)=0 

1 K +-1 ' 

and for a point x in tin* matrix 

*«<■*■> = 0 ’ '*" ,u ' )s= 

where the potential functions awl ^ Cx ) I and 

mud H-w*) refer to the inclusion and Matrix 
respectively* 

fhs stresses and displacements in Us# Matrix can be 
directly found frosa the corresponding expressions for 
&mplm potential functions with the aid of relations til > 
let in e#s« of the inclusion* um complex potential 
functions <-o> and VjCz) give only a part of the 
stress-field* The constrained stress-field given by 

&ol= a_CN-v^)S , j ^ = 0, 

must be superposed to it to obtain the net stresses 
in the inclusion. Continuity of tangential and normal 
stresses across th# boundary f is a check on the 
fere-going analysis* similarly the net displacement in 
tbs inclusion is found by superposing tbs displacements 
obtained by tbs us® of *Vc*) in tile) oust initial 

displacement field* 



21 


C 0 APf »0 XXI 

citM\n i!K&u&oxi jubkohh; smpbhmvm 

mammnm 

Previous w&rkn of Mott and Motoarr© ((9))§ 
l*fa«ltoy (U0 t 11)1 Jo»i#o» *M Biurgavo (<13)J, Bbargava 
and aodhakrlsma (U7 t 10)} au.4 Bbarg «va ami Kapoor ((H)) 
and of otbora tavo Mlaly boon ©aafliaorl to too caw* of 
basogonoous spoataaoowi doforttatioau Ibis was 
ehoracterlsod by talcing too spontaneous dofornotioa 
a® glvoa toy 


Oy. — S X >C+ Y,} ; = «Vj + Y.X. 

In ttoi# ebftpter at aboil consider • «ori gonoral 
probl®o t wbero ®uob a diaplaooasont I® givoa toy 


M. sst Si* | T c.& s, fi 3 *4" 'Tf | Y^SwvTlfr 


£j_ r^civi n& +• V, r^sna 


(a®) 


u,= 
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where v» is » positive integer* 

k physical meaning to such a spontaneous defoimation 
can fee given m follows t Consider the following problem * 
,4 prism# of circular or os »~*eotioa of radius a 
and centre at the origin is embedded into an infinite 
medium# and is lnsalatc.4 at the common interface* the 
prism 1® subjected to the temperature distribution of 
the form 

Tcr,s)=. b tx f’ f 'co*n& or Tcr,e) = b n rV**ne (W) 

It is obvious th&t nmh a temperature distribution 
is satisfying tuo^lmensional Laplace equation (Boley 
and ’*iener ((10)}# 


V^TCr.B) 


I TS 


' a T 

ae 1 


3 

dr 


( 


*1?) 


0, 


00 ) 


Dtte to this temperature distribution# there would be a 
free expansion In tm inclusion# but for the constraints 
of matrix* ifcnee the stresses would develop both in 

m 

inclusion and in matrix* the problem is to find tide 
elastic field* 

It may be remarked that snob a temperature distribution 


eattr ter Vm Allowing still ®ort gwatral problta# 
Conaidtr an arMtmrf toaparatur# dlttribufel on* imapp©®# 
timfc to*p*?*tto* dittolfcufcitm 1# #*p:r*»ii<»$ la Four!#* 
®*ri«» m 


OO to ^ 

Tcne) =• £. A n r”c6sne + 2. B> n r n>ma 

fM« obviously hatpl&m aquation* If tto r«»uit* 

art 4#rlv«l t m (89)# tot tmult§ for tin problaai (31) 
mmi to darlwtf'lqr aMparpotitloa# 

JM.# pVQblm aay to solwl dtraatly by tto 
fallowing typottotiosil eonaldaratiojaa t 

flat ioelutlosi is out out from tto asAtrix *twl it 
allow** to uadtrgo blit toaparatwa distribution# fid® 
would ohan&a lit diswatloaa* turfaa# traction* art 
applied to bring tto inclusion took to It® initial 
'S JjllLSkt # % put it back into tba bolt of ftto 

■atria# and tto operation* alailar to ttona indie* tod 
la atop tar II page i4 art appllad# 

'0i« atraas*atrala rtlatioaa of ttoraoalastioity 
war# first givaa by totottn l «90>}» flat a treat** la 
tto absence of aatri* tan easily bo seen to to 
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K*.~ ^ = a.«tCX+-NT 

vt wr« K = a^o-'-h*-) egd <A Is the coefficient of linear 
expansion of the material under consideration* substitution 
of these values of stresses p**. , in equations 

(9?) its® following oguation it obtained 

P<=u = -C KT4t , pc*<: = lKTdf. (33) 

^ id 

It may fee noted tbit at any point ^ - Te where * is 
the radius vector mad & is tbs vectorial angle* 

We shall first consider the ease when the temperature 
distribution is 

Tt*, ©} = b n r^coine - (34) 

If the point is taken on the boundary $ § will he written 
as <r thus the equation of circular boundary - • V is 

a-(F =. <?- » hence ir* the boundary where P is 

the complex conjugate of a- * putting the value of T , 
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from (34) in (33) and then substituting the value of p«<s 
in (23), and integrating the resultant non tour Integrals 
around the circle P f two values of each *'<zo and Vuo 
are obtained depending upon whether 2 - lies inside or 
outside the circle P • After some simple calculation! 
the following values are obtained 



K br> 

?LCV+-K> 


'Vi t z ) =■ 
4^,(z) = 


O+w-O 

2(>Ph) >> 

K a ^ l ^ 

1CK-H) ZL n 


(33) 


I 


'VwvCz^ 


\< b„ (*-**♦•» > 

a(K'H) 


i . 

z -n + 2. 


CM) 


Par evaluation of stresses, the value® of complex 
potential function® are substituted from (3d) * ($*}• 

1ft may, however, be noted that the inclusion had an 
initial at re# «- field termed previously at * constrained 
stress-field, Bence for finding out the actual cftrcsscs 
ft. he constrained field t»® to fee superposed upon that 

obtained with the help of functions 4 > ; o) and 'V.-c*-) , 
Following the procedure outlined above, we shell get after 
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sows* simplification that stresses in the inclusion are 




2 .CH-K.) 


|_nr- 2 -Kr\ cv^Ck+vw} j. 


< 3 ?> 


b ^ ^ 5 wr 1 -- iKr 1 -- ^ t« + ^-') { 

r ®&- :a.O-»-K) J 


and 


K& 


Kb* r it'yinJ 


2 -C 


-i^L UV^.n^-r 1 )} 

l+K) l j 


( 3 ®) 


Here vm use snail letters tv r 5 p r9 . , to denote 

the stresses in the inclusion* The capital let tar womM 
IN used for corresponding quan titles in the matrix* thus 
Pvr , Pv6 , P 6e aill refer to the stresses in the satrlx* 
For denoting the toundury values of these quantities m 
shall use the superscript b • The boundary stresses 
are 


t> b - „ 

r fr — 

K\>rv«" a> * n 0 


2- 


b b _ . 

K a 1 oj s n© 



a 

V** ) 

b b _ 

K by, cf’sxbne 

(i±.\ 

P rt> - - 

a. 

u«-*y 


m) 



2 ? 


The complex potential function (36) with (13), give 
the stress* field in the matrix, to be 


p„ = 

K. tv, ct^cos n & 

/ arb l< a z ~ a?" 'i 



®LC V H”lc) 

| «*s 1 T* 8 1 

^ ' i 


(40) 

p.*= 

K byj c? n tosne 

( ly 1- _ i< +■ •3.*' j 



ac't-K) t v ' +_ a - 

V ) , 



and 





Pre- ~ 

. xn 1-3. 

K\ a sri>» ne- 

: ( ±h\ 


(41) 

a r n+ * 

V ^ K J . 


Boundary value® of these sire sees are 



P b 

* rr* ^ 

rye 





2 

■) 



& - 

— K br> a 1 cos v\ e 

f B - K .\ 



n_ 

V V + Kyl , 


(4f) 

p h 

Krfr - 

a n s^n6- 

/ »i*\ 



2 

\\+-*) _ 



from the expressions (39) and 

(43) ue observe that 

the" 


normal sad tangential eoapoasat* of stress are continuous 

cm the equilibria* interface, 

vhieh it should he* 

The 



hoop*s tresses have a Jumped iscontlauity over the boundary* 
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fh# JtUp Ifi 



Kb rt a^tosne 


C43) 


t)M fi®ld is worked out with ttm imlp 

of mmkl&M Clio) ma (»} * ( MU tbm %lm mt 
displaces** t fisld of fchs iu#lust/--r; ( ftsds up for slasti# 
tmd ®an4isii5 dlsplsosasuts) is obtains# a® 


2 .^Cu*+<U y ) 


Kb w k^"* 1 

2 l CK-M ) t. v>-M) 


Kb^a a" ^ KMktH) g a -i,^H 
!i.c vc-i-i ) jxc «-H)(n-<) 


(44) 


flat 4Upl%mmmt ompQMnu my fe« transforms# fra 
Cartesian to polar ooarditt&tas with tbs help of rslaUow* 
(13)* ft# ta>U 8 dai 7 »ralu# of u r +iu® for teeluslofi is 
iivsn % 


2 . /-L 


b b 
(. Uy + t U.©-) 


KbnKA^ » r 1 

2.CK-M) L Yl*H n-» J 


(43) 


whs*# «* have agai*i usad §**X1 letters , u e for 


U* dlsplaesasnt it* tft* iaeluslob *a4 sSnilarly for 
m%T%M m shall, us® capital letters* 

fl» dlsplaesssbt 1* th* taatfix* is fey tbs 

rsMtloa (11#) «*4 SK&uatisci (1#)| as 
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"fUUt'-LU, ) _ K b„ i« a 1 *' 

“a-Oc-rt) tn-i) z nml 


Kb* ze^ n 
2 C K +0 51 n 


K^^CK-rH) <4d) 

^.C^a-OCw+0 r n *’ 1 


the components of displacements in polar coordinates 
at fchs boundary ars 




Kbn xa. n4 ' i r ^V\i© " 

1CK-H) L *\ + t r\ — * , 


<*> 


from (4b) end (€1 ) 9 tkm continuity of displacement field 
over tkm interface is «»t&tUsb«t» 

tkm $ train energy density of a tvo-di®eu*ional 
clastic system per unit height in plnm strain mm is 
given toy 

W a-i = -b(lbt. e 3t.X+-lr , yy e ^+ 


which may be put in terms of stresses only by 



Hooke's law {?)• tbs strain energies In ths inclusion and 


tbs Matrix are 


H* 




w„^[ L%+? m ) x ^>±± 


4- +~C^&8 ”^rr) ^ 

^4- +^P«] 



(«) 


E 



By iategr&tiog across the area* t'm expressions for 
strain energy ia the inclusion and the matrix are 


H=. ~ Ijj 0 ^ an J f (xt-m) S Xn(_w-H ) i-[Ain+S)J 

1 4 ( X+x^) 1 -^. x fxncn^z-i) \_ 3 

+ (X+p-V* [ -xr^-vn^-n-a^ +- ^CX+fOO.+’i/ 4 -) enVO J 

; K b^A 3 ') 1 ' r -i 

rs7~Z T f CX^MXC^H) 1 

(XV^-)CV\ V -V) l J 


( 49 ) 


Vl^=. IT IKb ,^) 1 
16 


thus 


V\) t * [ t xnju^ $ + 1 xr^" % ^ n '"-*- ;L } +x(xt^)cx+3 / wj cv,V«j' 

Wwv 3 -Y\f*-lth+t*-) Cn-H) 


for given value of a t ttos mitten of Wl/w m 0ftn b« 
easily eoaputed fro* th# above formulae. 

4 similar protidun is adopted to solve tin probiee, 
when the tewperature distribution 1» of the type, 


TCr, 8 -) = } 


ffte foiloeiog reetilte are derived 


4 >', £*) _ i Kb* z . 10 

■ 2 .CK. 4-0 



iK^CK-t-VH) byv z. 


•n- 2 . 


(SI) 


(is) 


SLCK^J 
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HUM = 


C K bn n \ 
acK-H) ~^n 

i C V ) *»• 

n 


xvn-% 




rh® stresa-fleld in th* inclusion Is giwn by 

Prr — 2-CVc-H) *• * 


Kb-n r n ~ X £vUYi^ 
®-£k-H) 


[- 


‘Y 1 




Py» = 1 

a6K+-\> { ) 5 

m& in tb* attrixi it 1® glvsn toy 


p 


rr - 


Pfi-B 

P<-e 


- K!vi c t r*c*vi© \ i-rb ^ v c-i+^) j 

i C fc-v-l) r »i *\ , 

_ K V flTv ^ *1 e ^ ■i.Y 1 --V-^ x ^ K )| 
1 ( 1 -TK.) V v,ta - ) 


^ 3l 1 H ^ C-^sv \0 

x . y"^ 


f ±l*-\ 

\ > -Me / 


jii® sotMou jispluesMut fi«M os«* tht ootmon 




CK bnKa^'p a^ 6- ■ e nC * 
~^r^r l " “ 


r\ + \ 


r] 


(S3) 

(M) 

(*) 

interfile* 1* 

(Ml 



cfupm 


xv 


slupclc mvimbM *1 tu vim. mmmac riMpmrua*. 

this ©haptor dmlB with tto* problmt of m ollipti© 
region within a famogemom clastic sodluou tm rtf ion 
it aufci acted to a particular typo of toaporaiur*- 
distribution with wamm intwrfaow* ft* tewporaturc 
distribution i* of the fora 

T U)8)a (®) 

wh*r* b % is constant and * and o or® polar coordinates* 
this typs of to»por«tuio*dlotrlbttfeion obviously sstlsfiss 
•toady stats host conduction aquation in polar fop» 

Kins in aquation (30)« 

It nay bo remarked that tho previous wort ((DO)) • 
«1S» on auoh problems rolatod mainly to tho cans* when 
the tsaporaturs ms constant throughout tho inclusion# 
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It v&t character! «©d bp ttoe fact that the spontaneous 
displacement in the inclusion mm of fcto* fora 

u*=S/*--*-s^ } u^.s^+g^x. , Although It would be more 

de sirs 14® to consider the ease whan T= or for 

Tcr, 6 ) = bwT^sin b , but because of mathematical complexities 

Involved* the tampers tur® distribution Ms boon taken 
of the fora 4 ! von by the equation (S7)* yellowing a 
•tnilar procedure it is possible to solve tb® problem 
for the general mam T- r^sne- t numerically* 

tim solution of the problem say fee obtained by 
the method explained in tm beginning of the previous 
chapter* 

M*c boundary condition* of the problem am that 
the normal and tangential oompoiwnts of the stress on 
tii® boundary shall b® continuous* ftm stresses at 
infinity tend to scro at least a® ocVr*-) m fj** 
displacement fi®ld y mad® up of elastic and non-elastic 
contributions! should everywhere b® continuous. 

tim formula® for *'(.*> and *c*) for a concentrated 
fore® p acting at a point z are given by equations 
(Si)* ftig eumulative effect of point forces is found out 
by integrating tho effect of point-fore® at 2 over tie 
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boundary P * Here P is the elliptic boundary 

■*7 a v + :/%*= i * mov for convenience in vstfaeeatleel 
foraalatioa Urn equation n is written in the for® 
z. =. ft*.) « For the elaiptie mm this equation la 




Vz*-- c* 





td-tb the help of tfcereoelastlc * tresses train relation- 
ship tm stresses in the absence of matrix are *#n by 


Kx=Kv = KT, k>-o, 

where K- a^exvp.) | ^ being coefficient of linear expansion 
and x and }*■ are well known Israel constants* 

Substitution of these values of fw > IV) and ^ 

in equations <27 ) t would furnish the expression® for 
forces acting on arc a* • thus 

Pols = -IKT4 P4s=iKT<^ <«0) 

It nay fee noted that 

-r b x (Z*+ **,) 
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where z Is eonples; conjugate of z , defined by 

equation (68)* these values of p-»» and P ds are 

substituted in equations (26)* It may fee noted tout p 
is the elliptic boundary* two values of each 4»t*) 
and ^'(x) are obtained* depending upon whether the 
point z is interior to the ellipse l*e* a point in the 

Inelusion or exterior to the ellipse l*e* a point in 

the matrix. 

.After some calculation* It is »e*>n that 

4,! l7 ,_ Kfcy f xc^+b 1 ) t u<*bC«-b) i 

1 acvc+i) L C^-*-b) 3 - O-t-b) J 

H\- (2.) = j£W r ajCK-jQ (A x 4-b x ) (a-b) z a. _ 
ack«> L c«4-b>3 

- ‘ifJ? (ft 4 + b 4 4- Hfthb- v<?b-S ab a ) 

c 4 ' 


- *> * 
(a+b) x 


(•l) 


far the lncluiioai md 



Oh- r aato( a X . 4 ±j ( 

slck+O L o/« l j J 


^ lX)= St) [ 7t { 8«bca.H^tv-Kj z 3 - ti^bcaV^fa^-c?- + z 3 /j*Cc*)ck-2)J 


| 8a 3 b 3 (I-K-) C ^/jz^-cz^-i) - MAb^fb 1 f~ j.J 


<«£} 


£©* tii® matrix* 

ft»r W* of •**•*•§• ?>i^s of fe ( *> «ud 

*' U) tu C«U ml («t) ar# tfutgutate* ill (Ha) ani (life)* 

It aay# htw#ve* b« m*t#i £»re that tfet l&el*s&%a ha* got 
• hou*trai»«4 *tv«***H«i<t* *lir#ti hy 

fo*. =• - KT > ^yy =-KT , ^ - ° ffS) 

Stao* £©r out mtml *&r«**** f tfc* *©©»• trainatf 

*tr«**»fi#id* te* to to* ftttp«r£o#«4 upon that obt*ia«t 

fey (H}| 

At thi* **»£• it i* »©*« oc&v«ai«it to #erfc Kith 
#aufo«*i olliptlt mwt&lmtm I , n 4«fiu«4 fey tfct 
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X = c cosh C f ) (61) 

21 m stress and displacements umpomat® i |o . 

U| , u. n referred to I , *1 Y the H3»* oriented at an angle 
e- to x»axi» are related to Cartesian component* 

K-%. fcvyjK,^ • fey the following relatione 


Vf = tp V y-^ aL M<^ 

u i + i u n = c u °«.+- i -u J y )e. L& 


im 


la the present case & denote# the eagle fee tween 
the x-axis and the normal -«t ( |,n) (in the direction of 
Increasing f, }. It any be seen that 

sinhcC^^)Jsiv»K(^-in) t some simplification* we get 


the actual stress component* ass t 
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xck+v) L 

_ KCCO £ ^ +- ^-C^ 1 '4-b V ) 5 cocW 1-%+ ODS AM toshx| 

(OL-t-lj) 11 - L 

+- C - K ~») C ^a-1^ I | 

(a-H> )*■ *• j 

v < «.H^¥ +U4 .i- b v^^ a i b _^ b 3 t*i- b ) x } * 

c fc 1 


| tofi-U -i_^<^nsi-v\-- ( 1 i-CosV)2-| - «bs 2_| „ <^5.t.»f) 


fyjM ~ Kb^ r c l4 - K ^ co5 l a 3_^cDsa.r > (.^sba-l,- ‘^■^) 


_ vc tcesKi% —*zosu.T\) v- X }j^ } I\^sK\ g c©s>-if\ - (U3S^X| _ cos 3-r\ 

C«^b y»- { 3 6 

v CK> ~^ CA-b ) C toS'S.r^ _ ^osVi^x^ j 


- HfL^^ ftL '+^-v-4<v X 'b"^-3« a ?b-2»^ b^+- KAbtA.-bf~ j. ^CosUz^tas a»]-|| 
*- CoSH 1 ! ( Co5b 3L^ — CoS-i.f\) , 


( 66 ) 



and 


=. f a.t.a.H-b* ; f co«W a % sC*ha %^\v\ + i'mVi a.| «-sar) s'wi») 

’ a<-K+t) L ca+'b* 5 - 1 

+ a -£ k ~^K w - X 'h^) C^-b ) c.osb a. \ sriw-tv^.^ $i*i Rl^ 

L«- 4 -b )3 


MA> 

C fo 


1 


a *t- 



s^a.n| j ^ cosh *l% - cos an) 


«#) 


Aloag tsto# boundary | to® %im v*lu® S. and, 


CO^ ~ 


A x 4 “ b 


, sV«W a %„ 


SL^bi 


Mid th® boundary •tv®*®®® rooognlsod by su^reoript b « 
®ft®r ion® alAplifiontloii it® ■ 

jp# « [ c,6s\y| $ cosh^jLl^-h u>sb k a| o s'mhli 0 

5 aCK +-0 L ■ 


2 5*3 

*- S' cos^a.% ft sVvv^a^- acosh 1 ^ -acos^a^s^. *i. 4- 
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XCo>k\ | o € 0 ^n 2 .| o 4 - k(- v- 


- Cosl i^% 0 SH^a^o +■ tosh x£ c ) j +. 5 ^M x af] | . 


>x * % 

3 COSH 2 | c S MaU a.| c 


4* 6 cc»^^a .^ 0 *| o - 3 io*>H 3L | 0 + K( co&H^x^ sw^a| £ 


. x £cqVj%_.| o f- 4- Q?s.^V| ^ %cosM* - 


-S < ^shV% 0 »^>' , '!j.| £) -cosh a '2.|„ r %^^a| 0 SWv^S-f^ -\ 


+ k ( «to<kS.£ # - £oska.§ 0 s^ 3 A| 0 - tocSvV^ +• < ) | 

+ «{ U»A^§.- a.«©sw\.|., a.| o _^£.h a.| o+ . s^a .^1 _ c«cb 3 x$ a 


+■ a. <®s.w\£ o S i^.i, a.^ +wll ,.| t _ s^afjj j^eckx^,- co?j.<^ 



Kb^ 

XCK+7) 


Cofi’-a.^ 


Cos^a | e 


-V~ 


4 <^sU^a.^ D sl»vbX| 6 _5:ce.sW s iS.sM<iH a 'af, 


_ u.A'a| (< .x«. i ^,s^ i al 5 ^‘" t hV^s^X | 0 +. 


c«> 



+ «! - a. 4-coso^a^ j 5vUV>%.^ <> +.t<7s4i 5.| 0 ) | 


+■ S < n 4 "^ £ s*erh\^ 6 s iwinrS-^ -'6 s^os'i i|^ si 


«m ■ 

ti»\h «L^ 


+ kX~ < <?sV»V^ J( J-iwW\.^+- ltosK t S.| a s‘i^ii :: 's| o - %?sW2.| e> SS-vtb\|^]( | 


+• tos.a.r|| 5to5^ H a-| D — M <»s^ 3 a^ 0 si^-Wa| e 4- 5 ^W v s. | e s ■ c «sW 5 ' a.| o _ 3 cosh 


. 5 

smba§ ■ 


+ K (- 0 s^ V 5-^ 0 - *«?si*S.| o A| o s^i‘7 2, a-| 0 + 1 )| fk < ^-~ c €>^‘^%, t> +-i- Co&,, » 3L | a -i VM,7l | a 


_£«£hx§,_ sUaVi^ag^ ^ C0 £ h\£ - S.CoS^a.^eiMti X| o +(-ocli 4 | o t- &w>V) 3 Jy^ce> £ l> x§„ - «OS3-T ) 


3~ C ■-'. ^U4i C I, l.\y -.I. A 


f _ Kb 3 .c'-r oCJS ^ $ ' w ^f_8<^sV,V| e s‘nAV.a| o +a0£ O st. 5.| 0 -lt cosh 

* n ~ xtw-OL «- 


4 4-K(t«a>sh H x| 4 ,&w.V > a.| o _8^s^a| 0 s^V% 0 +-M£»£w' L 'tL% fc s^2Q| 


* sCvi^nl 4<tosv£»|,s*A*f* - a si*4S.|« + C ^sV>4| 0 i^ 3 af fc 


yi*H U a| 0 4 -k £t ’ s; 3 1 a-SoS^^a-^o •*-*- \\/ L 00 ^ x §a~ aaiiLr [) 



As regards ttm aatris, the use of eorrespoMlog 
coos p lex potentials asi ^cz-) gives the expressions 

of stress eospoaents* 

B _ K^c*" f a.^biiA?'+v^ ) ( n^ofiVt a.| <o& 5 ’3.r\ _ isiw-W c©s. a 2« - ^cUa! «-o5a»)sAt art 

r || L 3* 1 


4 . sha.Vi^|, 4 swiii^ _a.£otli!i.| - _ Mab ' t ~ b ^ o-K) |^uv,vf"a|<iji\irj 


c*st % a| s^ar^|_ a^b (A*4 K f a. a. fr g At f <*>s x av\ -s wi*arf Vj. 


_ 8o?b ^(*-K) fcosay| (swxV>a-^-«>5Vii.|)+<l _ ^ y^cosKx^. <^>£ 


> * , r — -■ 

I e 6 


f 


B\w =. ^ b *- c ^ f tL^CA-Vb* - ) r _ cjjs^v^svnbai +. 414 gosh a.^Pt>s.an: 

~ XK-+UL c 4 1 


*(_swvV\a|,-C(5sHa|) +-3-«osW2.| +-a-^sa.^l 4 k^bKVifj ^^ 

) C.^ 


x jsvvvwS.^ £ os 1 arj - AosViVi j 4 aa-bCAVb )\ K - a ^ ^casuagsAv k^tto£x*\-s**wiij 


+- |if_s 0 — k) | bsw] (_5^>V> a- 1 - tosM a.£ ) +-l| 

4 - MAbc^ % ev> a ) , ~^ coyVias I (ios.Wa|- 


c«®> 



+ c»ha^5m^(«e5V 1 i| >+ <os* >n )J + 8 ^^^ 2 ,_K)^cV,^ i U,2.| tos.*v 1 sW.’a»j 

c fc 

+ J ( 3 c©sb*a.% svwi^a^^jsa-'l s« - ■toffUll Svl, 2 -vj| 4 . &<*?!>* (i-hj 

c- 6 t- 5 ~1> * 

CTO) 

fls® bowilarr vol»© of tt»§# may too ofctai aert fey putting 
t= t» *»* ttsiog relation# CTO) I it say fee *®«a that 

h% ~ HU > ^i = 

P> 

Urn hmp »tre«s r^ 1$ given by 

P nn - Kiyc* f u>^s.f\ \ 4 cosSi^x | o sJn.h a - 6 tos^a. ^s^WS^-t- a c °<,'r\\£&UJ?xs 
4_ 2 . CosWN.!*, sCvuli A^ o _ a <csh a-f. 0 -si^'f5^a| 0 + k Mc©&wV| 0 sw^a-f. «, 


4_ a. sha.W 5 9»% 0 ") | +■ S^rt^a-^ ^ u ^sh^a^ o svt^W v a.^ o -&c*sh*2£ 0 £w^afj i + 
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4- 4- k . (- A-s.^os^’a €«i‘*' v<3 a-l 0 ')| 


V cot j _ i( cosh\% e -t- 6 <^sVS. % 


>€ ^V| o - 


•j, <osUa^„s i *i l » a a^ 0 


4. 4 k ( < o« 1 M St«h i !L|, 0 - SVwhVl^")^ _ 2. coS^A| e SW\)3a| e 

f Svwk*af 6 *k(.a.^sV> 4 a.f J> £mJja.| o - *w*»o 3 a. | 0 ) J j ( a,^ a «osi1 ) 

; <n) 

pb 

tMs value of K -nn f©r tuo a&trlx may b« coiapiiresi 
with Mm value of ^ for tbs inclusion* It is obvious 
that 

Pnn + 

ftefe displacement Held »ay bs obtained by substituting 
trm (fil) ®M (08) in Mm last relation of (66). ttm 
aotual displacement in tbs inclusion is sun of noo-clasti® 
displaces*® ts do* to tsspsratur*- field # ^ 

elastic displ&ctnaatsr 4us to tbs constraints of tbs 
matrix# trn displacement In tbs inclusion is Unis t 
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SL/UU^+iU^) 


I’ K f o»sh 5 1^5 3 rj si*t^ 

a-Ci<«) 6 ( A-t-b)^ 1 


•I c^sW & +- SHA-h fe si 




f^+b'-) j { cosh^l^an + 1 ~ 




i- 


<.K-i) ( e t?'+b 


.^ b^tA-b) ( 
<o C c ^- + l 


3 | A»S 3 >V) 


_ L suA 3 | sin ^ + ^u>^u ^cos^-^i s**-to t ^yjJ + 


+ | aVb t 4u< i b^3a 3 b-'^ab a »-K ®- b C4-fe j 1 " j ^jh | cosr^- i s'^b |i^ 1 ])| 


<?«> 


f*»# faomi *ry mlw of tills iisgl-iseaest is 


JU -bi ) =. K ba.C^ 

' ' SjLm-i) 


C»S 


^ | i ^ ^ cosh^f,,-!- ^ ii-nV|Af fc ) X 


t^+b 9 ! «■-*>) Ca-K) + *. co.Vbh "\ 

C^U-fe} 5 - J 


/ c^+ b^X-A—v 

\ CA 4 -b) ; 



5~ €&gh 1 1 

ac 


■\ i ( 


2- CO&h •*-%, 

C. 


,4- | $UbX ^ 



(*.-'M (, ^4- b*~) (.A-b) 

([_ H3K, \- |> } 


4- k. - 

(^4-b) 3 -/ 


b cosha Icl 4- 1- ( ~\-L f O^VKfLt^J («-b) \ 

j c ( a \ (<*+*»>’ ) 


Re 


l\4b 

C G 


^ 0.^4- b^4- b - B» f. K«*b 


K (aH . 2.K.^b j_ It] 4- 

1 T3^> * 7^b> 1 * J 


i-Jb xl^yj | _1 - 1 ^ (*-*) tV--t-b v ) CA-bj ^ 


M_ 5 _b MA v b 5-„^b-3^b 3 4 - kAb^-br 1 -^ *- 


4- fc Cg>j jg) 4_ +. J- to? b 1 1. 

5. (*».■»- b) v (a. +- b) 5- ^ 

5 . A.bC4 x 4-b*~) f 1 ooC^ 4 - l k Sww v| ^ ( o>£S.i) +•£ £wn a.*)) 
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fh* displacement field In ti» matrix 1# givsn by 
substituting in tbs last relation of <66) tbs values 
of and h£,c*) fro® (63) * 




ka.v>C^ ±b ) | ^ ^ ^ cos ^ _ i s inVi 3| sU, ^ 


4 . $Jv\IO | 3-V) +-l'<<>si'i - 5.6osV, 


-itslnh^ffC^»|-a, 5 ^|COSn swv|| 4- aKAb^Vb^ 


0 ^ 3u # 

(CtTsVv^io* 1\-H'SvUVi ^ S''»* v \)- | 5^b,a^ioS^'V^-i < biht|4»Mai^ 


- <bsV»%|*o&3^ +.is«i*v»a|si*\air] J(tosK|<!es^+«sv^Vi^«Cu»i) 


CK-3> ( %,<<*; 3^#^ av|- fMkVi3|<0S3^ 

*n ^ £% 


3. C 


+ i.cosVi3.|Si^^ 4- ***>■»£ ‘fc’S ty-^csw.v, +-3 SUaA |<bsr) 

_ *>sVi§ ^(»Vb v f_ z^b 5 - CK-')|(cotb|^- 

a.C«?'4-b i )Si za^K^(«.\-b v ) :i laA^ ,■* 

^ c WAV,^eosir|-i£*>sb| Svvv^^J 



It nay tea men ttoat the bouodavy values of net 
displ»«e®«s,ts for irialusios md tot diaplacawsat of t ton 
natrlx are continuous. 
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aismwnoM m immim ilajszc imoum * 

Previous work m inclusion problem a has been 
confined to the ms® where inclusions and i nfaooogeoel ties 
undergo spontaneous homogeneous deformation and the 
matrix test no such deformation* The matrix simply acted 
s« a constraint to the inclusion which tried to attain 
its free~stafce configuration* Here, in this chapter* 
the problem* when the matrix undergoes spontaneous 
deformation is considered* But the presence of the 
inclusion develops sires a*fleld both in the matrix and 
Itself* the explicit solution of a problem forms the 
subject matter of this chapter* 

Consider an infinite elastic medium* with a circular 
tube* under temperature distribution of the form 



'with insulated Inner toured. .17, so m not to change the 
teaperatui* of the inclusion* this type of temperature 
distribution obviously satisfies steady state heat 
conduction equation <30 J* 

ffee problem may 1© solved directly by the following 
hypothetical considerations s 

Cut out the inclusion* Allow the matrix to 
undergo the tempera tore distribution in question* This 

would attain a prescribed deformation and reduce the 
site of the cavity from which the inclusion was taken out* 
Apply surface tractions to the boundary of the cavity to 
bring it back to the initial shape and else* fit the 
inclusion into the cavity and then apply the operations 
similar to those given in chapter II page i 1 * « ■ 

ft* final solution must be of the form that It should 

bond on the inclusion boundary and the 
net displacement field is continuous on the boundary* 

According to tfcereo-elastie stress** train relationship 
the constrained stress-field in the ■matrix is 


RT* = -AoCCM^T, R^=- ak(Mj*) T > 



vhsre is the coefficient of linear expansion of the 



materials sad x H- ^re l* 5 *®** 

Substitution of these values of stresses i» (37) provides 

us with 


pat = - , 

P A.S — % i C<X X + J -^-) T . 


(7«) 


It uy bt uoted that at «» boundary v- “ » 


-y __ bo 



(77) 


because <rr-o?' Is tfa® boundary of the circle F * 

lus value of t from (77) it substituted in (7§) and 
ttm ml wm of P^s and Pis thus obtained are substituted 
in (3l)t fhs contour integrals are then evaluated* It 
•af be seen that two values of each of < ^ ></z ") c ) 

are obtained depending upon whether z Is out- side or 
inside the contour r * Distinguishing these W subscript# 
^ and for inclusion Mid matrix respectively we «•* 
after some calculation 





<7i) 


e t l CKH) 


, c*) a b , 



for laelusioBf and 



eivCX+^ i ) | 
O<-*-~0 z 


H*Utz) = f r_ ^ Ka l _ ^ a - 1 l 

(K 4 -\) l z ^ i 

for fetal aiatriau 


( 79 ) 


fbr evaluation of stresses the values of eoaple*- 
potential fuaetioas are substituted free (78) sod (?t) 
i» (ii&) and (lib). Followi;^ the procedure outlined 
abort 9 after some calculations the radial* transverse 
and tangential stresses la tbs inclusion vouM bo 


\> =. 
r rY 

CK4-1) 

k -“‘ 6 [y 


Hj© ~ 

dL O + M 

bo^os e- [ %!_ j 


CK.+-0 

(SO) 



ire “ 

d.CX-4-M) 

C VC-V-V) 

b.sinB [ y 



A* already stated* at the boundary these oonpooeots ere 
distinguished by superscript b sod hare the rallies 



r && ~ 


3^CX+M) ho <=«se 

aCKfi) 



ot ( © 

A CK 4-1 ) 


C®1) 


i©¥ m proceed to find the str*s*»fi*ld R-r, P e(M P re 
of th* matrix* it say fee to ted that ©rigi sally th* matrix 
had a #fer«#»»fi«M* this is gi van by**feo*tr«tn*4 str**** 
field* <?£)* Hkio* for finding out actual str***- field 


th* eohBtraiaen stress field is to b* superposed upon 
that ©totalled fey th* oo»pl«x»pot*o tl*l * <0*> and 'VLt*) 

*lv*a fey (7»), Bias th® radial, traoiwi# and tangential 
components are 




a. { x +■/-*•) b„^os © 

vt k+-i) 


K-a x c 

r x 




YCK+-0 l r% j, 
oi. C Mf*-) V) a S.U\ 0 


re km) 


{‘■Hi 


Boundary values of thas* stress** ar* 

n ^ 

P rr _ ha^ose 

A.CK-4-v) 


(») 
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p b ^CM-mb o a>Sg (tlK _ s) 



* c b 0 ^ws 
<3. C \< 4-0 


(83) 


tin expressions (81) end (83) it 1 a observed 
that the normal and tangential components of stresses 
are continuous on the equilibrium interface* 

the hoop»stres®ea ere discontinuous a# 
expected* the Juap in Hies® v£ %. 5 m- i# i*ss is 


n b __ u b - _ bp^ose k-i C®4) 

10©"“ K-M 

Substituting fro* the equation (78) i» (xic), the 
displacement field in the inclusion can be directly found 
out. ft* us the displacement at any point of the inclusion 
Is given by 

^ J-lL^vC +■ 1 ^ < ?.. f K z.\- !ur a l (88) 

3lo. x O+-i) L J 

the ecstypoaeiits of displacements nay be trail# fumed 
to u r and u & In polar coordinate# by Use identity (13)# 

fhe boundary value of u r + iu & (apart frm rigid body 
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motions) is givm by 

,k |j 

KKM) v 

Tbs displacement field in fcbe matrix 1® found by 
substituting fro® equation (79), in (lie)* to this tfe# 
initial displacement field is added# ?bis is dons by 
Moots* » law wbsn tbs stresses ar* givsn by (7b) • Then 
tbs total displace sent in tbs matrix is found to be 




CM*H ) f A a O<->-)z 2 ' z 1 1 

l *■+•«> [ 2.K-M "* r x j 


(87) 


It can be seen that tbs net displacement of matrix 
mod of inclusion is oontlnuous at tbe squill torlua boundary* 



CHAPTiH VI 


IJILfHPtAM P3GSLSM. 

In this chapter 4 method to solve the boundary 
value problems of tonUf^plane bus been discussed* this 
i# t»#ed on ttos worte of Xiffen (($1))* In this paper* 
the complex variable method has been combined with 
Four! or integral approach to find the ixplioU solutions 
of sons proto!#®#. this technique Is si mpier 

and nors informative than the othsr approach#* to such 
problems* fbr eiwmple* lined don ((2b)) has applied th# 
Integral transform technique tout tho method involves 
inversion of functions leading to improper integrals* 
ehieh except in some simpler cases are difficult to 
evaluate analytically* Hovever* the complex varlatole 
approach give# the solution# directly 1 ' as soon as the 
potential function# are kaom* 



5 ? 


la the following v® atoll use t ^ and 'V< 2 0 for 
cottplex<»po ten ti aX function^ which w© haw# used throughout 
till# thesis instead of the notations ,Q,cx) and 
used fey Xiffen <(fl)) t who used the notations of 
Stevenson (( 5 )) # Howvir the relation between them is 
Quit© simple 

4>(z-} = X- ^ O-) , 'V O) - ij ^(x.) 

It is stow in that paper t that M'c.*) say fee 
expressed in tern© of function <*c^) • Thus the boundary 
value problems of an elastic femlfeplans are reduced to 
the determination of one single function * 

thm stresses md displacement are connected with 
the complex potential functions fey the formula© (ii}» 

By addition it can fee sew that 

V^4-?'C£i + z4»V)4-Vcz) . (89) 

How* v# Begin to solve the problem of the half plane# W» 
choose the straight Boundary to fee real «ls» end write 
for Brevity 
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(A) Suppose tkm homd ary condition* ftw to ttm traotiea* 
oa tb« straight edge* this problem may b* *olwl lay 
solving two ®Sa»pl*r problem** mml y <i> wb*a th* boundary 
traction aooti.it* of th* fy* oloag with ~ o * mod 

(11) when to* bouadmry traction 1# h?* with hv =D * 

If on tkm ottmfhtmA fch* boaadary traction ooiulsts of tooth 

I Vj modi ^ » then tb* result my tot ©bt*in*4 toy 

simple superposition* ** shall therefore discuss the 
two stapler problem® on* toy one. 

(1) Consider tli* mm when = u mid 

I*t w# etoooi* 

^ Cz_) =. -z-i'c*) + <K*.) 

oubgtl toting this value to (88)* we git 

^ 4-1 4-VcZ)-ati V'l*) 

«u4* therefore* oa the lining edge, 

V* - = afte^4»'cx)| j ^ = °- (9|) 


c«§> 


( 90 ) 
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It feeing assu&ed, In general* that ^ o ^4cx)=o 

/ 

at all points of the r. al axle* It nay b® proved that 
the condition say Iso relaxed to loclud® those oases* 
in lift! eh this Halt exists, hut is not mm at a finite 
number of point* of the real axis (though not relevant 
for the work in this thesis). Are* (91) it is evident 
that this combination gives aero shear over the real axis 
and if we want 


m mmt ehoose <K*) go that 

2 Re {*'<»}= -fvC^) 

(3) let us take the next ease, when *o * 
and let us ehoose 

v Vc*-) = - -z Vc*-) - fco) (t*> 


Iguation (88) yields 


-Vi tVv) - +'cl) - + A*} 



Hsus® on. the teal axis 


Kv = 0 > - - Z U [ 4>'i*i } 


fhust if 


= fa*) 


W) 


on the leading «dg« t one Mat ebooa# 4cz) 9 to that 


— n. Im £ ^ (W) 

(B) H©xtf m mmt&et ebat is called th# second 
fundamental pmhlm of elasticity fcbsoiy* Suppom the 
&l§plmmmt iC Is prescribed ©a the boundary md 

uj = o t m chaos# the function m-o*) such that 

* c^) *. -z Vt*> - k *> c*) (98) 

Equation (lie) at one# gives 

^ t a^Hu,) = K[4U)t w> 


Hue 
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It being that = ° mt A u point# 

of the real oils* Trd& condition say alee be relaxed to 
include those eases vtmm this Halt exists but is aoa- 
ser© or unique at finite number of point® of v =■ o « 

Fro» (100) it i® evident that in this case ^ Is atr© 
over the real axis sphere at u* is a prescribed function* 
If m require 


h-x, = 'fa 

m aunt choose <K*> t *o that 


( 101 ) 




(10a) 


finally lot u y + > u * = 0 and choosey 


VHx.) s. -X 4 fci ) 4>u 4 0) 


( 103 ) 


Fro® (lie) 


- *[_*<*)- *t 33 ] -aiy Vt*l 


( 104 ) 


nail 

WO w*w" 




UM) 





S3 


Ft*') which Is analytic In the upper half plane and 
hag prescribed real or part along the real 

axis* 

Let the function F ^) Ibe related to a real 
function -foo &g follows 

Fl.). 

u -t no 

where d tx.'j) and are real and imaginary parts 

of Ft*) and 9 

T £tu)= ( tt) e m W- 
-06. 

Ms also assume that the function fw , is 
expressible as a Mirier integral, is of hounded variation 
and at each point 


fl l U l d 



Subject to (iQ8), Ft*) has the properties listed below, 
(Huskheli shvi 11 ((3)) ) y 

(1) GcC^-,0) = ftx). 
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( 11 ) 

(ill) is Anal^i-ic in y >0 , (109) 

(1V) FW= -!=- ( ^70, 

K J-fca X - t 

(v) If to addition to tha saaond oondiiloa of (108) 
it Is furtfcar assumed that 

t OQ 

\ |*-f t*)| cUt < So 

-'—&Q 

F u) = o (.*"') at Infinity la upp«r half plana* 

.to txanple Is gium In appandiaA,i!iM to show fcht 
aettod of avaluatlon of tba tixmttm P <- x ) wtom fc*-) 
la paaaorlM* 

this axaapl© is obotaa, baoausa away aneh i#t»g»<ili 
sill ha anoouatavad to fcha subsequent ahaptars* ffcna 
tha aquations (93 ) # (97 )» (108), (10?) ara satisfied 
raspactlvaly by shoo stag 

* :w= tlW|U uio) 

VtM = - i- ( “t{^> (Ul) 

*0 



65 


$lz) - tL 

Kit 



mm 


it i( T-^ u > e du. ( 113 ) 

KTf 

•iid v® have solved all the four probleas listed above, 
oueely when 



1 

tc,=° 


■n 

tV„*° 

0 

u; +.0 


M.ij = 0 

U*. =0 

1 

U vj ^ & 


IttiBg teo« the values of 4 c*> th® eor responding 
values ©f 40) ©an be fowl Aron equation* (89), (94), (38) 
***d (103)* A* already remarked the knowledge of 4o) and 
gives the knowledge of elastic field everywhere, 
fh© application of the above theory will fee ©tde 
la two subsequent eh&p ters* 

The ppplleatlon of this eetfaod enables to solve 
so©# pro bless related to the infinite elastic strip, Mm 
are dealt with in chapter 1 and Id* 




a aa& ah xwamiui* m guaric ealp-plahs-i 

C fraction free ©dge) 

In this ship ter, m consider the case of a 
deforming inclusion la an elastic half-plane, when tbs 
leading edge It free frost tractions* 

Consider a circular region of radius «- and 
oentrc at a distance t from the leading edge of the 
half plane* fin# is taken along the lending 

edge, and ^ -axis it a line perpendicular to the leading 
edge passing through the oentre of the inclusion* The 
boundary of the inclusion (eee fig. page ) is 
given toy c z +-U) = 

In the absence of aatrl* the inclusion tends to 
undergo the displacement characterised by 

, u r hl4 


whence the strains are 



INCLUSION 


matrix 


Figure 1, Circular inclusion in semi-rinf inite medium 

coordinate system. 





Figure 2, A schematic view of normal and shear stress 
components in inclusion and matrix* 
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It may Is* remarked that Bhurgava and Kapoor ((!$)) 
solved a similar hut simpler problem hr using the 
poiato*f©ree teotai/pic* m us* the theory given by 
Tlffem Utl)) and described la previous chapter# 4l®o 
th® problem 1« mor* general la the seas* that m take 
shear strains also Into account. 

the expression for complex potentials owing to a 
circular Inclusion of radius «. 9 mdcrgolng spontaneous 

dimensional changes t resulting in the deform* fcien (1X0) 
in m infinite elastic mediw® arc given toy the complex 
potential® +' t c*) , +-*£*>, 1 ^* 1 *) * then the value® are 

known ((87)) and are siren below for ready reference 


4»V*>= : ( £ i> tb*M (S>M , 

XCKW) 7 

(U«) 

+;-w= £.. c s '-^- ils 3) , 


<Ol Z 1 

+' C»)« *i S- x - fiv (*,- V"- iS 3l ii 1 

K-H i ?~ l<- + > z q . 



the consent at 


Du origin is shifted to *°> *) • 
changes in the smplm potentials when the origin it 
transferred to another point are given by e^mtioai (19>* 
In the present mm the new omplex potentials shall he 
as follows i 

4» ;•£>}=-- J^±- , 

1 3-fK-H) ’ 


4 >' - ii t i , 

w ' K-H 

<W« M + iiifi (trTx+^fo #, 

Vc*H 1 z£ K*H 

- ii- C<*> S'j.+ a.ilj) 

VC-*-' 7 x ^ 


(118) 


( 129 ) 


where m have re talced the s&se eyebolt, as t'.iere Is m 
likelihood of confusion* It any, however, be eaphasised 
again that in these function*, the new origin is the 
centre of the inclusion* 

the strew distribution 4m to oonplox potentials 
(129) is found at tbs edge v = ° * lest the stresses 

P v \j and Pl^j ire svslneted at the leading edge* 

these are nullified by taking additional tractions 



Kn and op, ©site to those found by using (119)* 

Additional complex potentials are mw sought for, which 
•uperposed on (lit)* (1X9) will give the solution of 
problem under investigation* 

Substituting fro® (118) in (11a) and (lib) »d 
setting v-o t m have 

Rj M -- 121 ^ SftS'o, A a ^K ^ CK-<) f x+K) 

K+ "' 0>+-A*-)l- 1c+l txh-JL v ) J - k-f-l y 

K *~' ' i^uh 4 1 

4- a.H*i-x>-4>) [ xcv-V^j-^ = -f q>» **y (180) 


P°^ _ ft£K-o <tHx. 4/4(.r,-Xi) 

Oct-t) ~~ oTTTTT^r^M 


^ M S'g. «> ( L*2.L^h--t L )-?, < »- J -J Pcx-h-t^M iVhJ 

K.+-1 \ (.vXv-Jl 1 -) ^ 



itm} 


US require to annul these stresses by lutroduetlon 
of couples potentials vfeleh have m singularities in 
upper half plane* fbr bMt purpose use 1® ®ade of the 
method discussed In the preceding chapter* 



Wtm tli# prosed t ire outlined la previous c3»f|*y # 



the ample* potential functions for the few eases 


(*) 


IM = ° 

<»> 




nill tot evaluated separately and then the r« suiting eo»plt* 
potential function# will be found by superposition* 

these additional complex potential# are found by 
substituting tbs values of and K L% ) fro® (l!?0) 

and (131) in equation (110) and (111) respectively* Bm 
Integral Involved therein are solved by the netted given 
la appendix a page \sa ♦ these are 



+ z f atK 

L“ OC+HZ# t 
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tMm are noir •upwpoMd m (liS) an# (139) aod 
gl¥« the require# cospXex pofecotlals to the pr&blm 
at tolUm i 


<t! (.I.) ~. 

acv<-+-n 


(K-u (>.+ HA c&^K) a. y 

CK4-1) Z, 1 


<*•*-'> L *?■ 


*? ~ “ 5 ?J . 


t,'(z)- -CK-l)CMM)t^S a ) <3tl za> 2,^1 

0 <m) *?- + ^ L zK ~ ^ J 


iim ) 



ytk-uc >VH)C gV^ja2 ^ X ^ CS~i-^" 2 -^3) f ** 
TU^M) Z? CK+- 1 ) l *, 3 


4 ,itflL a '_ U 11 ]] 

Z M J . 


4*^ ( z)_ _ _ f*(.{T,-£x 4 ' a{ ^3) 

(K-H) Z*- CK+'V) Z* 


- m s \~ s >-- xiS 'z) f i 1 - Hii® 1 - li 4 1 

K 4-1 L X?* Z? ij* J 

t' iz\ - tK.-nov^Hr,frv)^ / J _ + ±\. Hd^z£t±lilk) ( xil « x 

K 4 -t V ^ J k. 4-1 v“^T‘ 



4-p. ( -XI <$3) j~ 2A 1 3 -a 4 "} 

k.4-1 L 2,* z? zi* J 


4- z j* xC^-OCN^MlC^fiy ) 4 a ZR( SV^a-ra-t X a ) f q1 Q,\^t^- 

I K+l ^ c 7 +T) i *» 




im may then be fowwi by eutoitltattng. 

these functions in Clla) end (lib)* 
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ClHwUL* IS dL.4i>?Xu BUi*F iRL AIsl:*»XX 

(Meplaceneat free edge) 


la tli® last chapter f m considered the mm of a 
circular inclusion la a half-plane, ufaen the leading 
edge Is free fross stresses* In tide step ter, we consider 
the ease when the edge is eons trained m that lucre Is 
no displacement* 

f o consider this t ve have to consider the effect 
of an isolated t mm P= X-b'Y acting at a point £ , 
when we lave used the sas® fr.*ae of reference as in 
the last chapter, mmlf 9 the leading edge Is the *- •axis, 
and y «**ie Is a line perpendicular to it la the plane* 
the elastic sed&iae occupies the upper halt of the 
©copies, plane* 

While developing the theory discussed la chapter 
VI i tittm «91)) has given the ooaplsa potential 
functions + c*^ and ec*j arising due to a point three . 


P with the straight boundary free from displacements* 
they were modified to the for® suited to our needs and 
are «$iven below i 


*'u> , -9 p r f~ + J-, ■ i _ ±i^fi , 

[, ^-2. Z -£J 

J<^ ^ A g < g- £> 1 

L ^" Z X "^ telt-tf ~ *£*-£>* J 

+ o p L~l. 4 . X. •) 

L cg-z) 1 - <«.-£)*•] 


(108) 


where P is the oomplese oondugate of P> K» 3 -«ie for 
plane e train and k- for plane stress ease* thus 


where there is a continuous layer of point forces along a 
smooth arc H of the half-plane, the cumulative effect 
will be given by integration of the expressions In 
(188) along the contour r # with the respect to the 
arc length* the expressions will be 


+'(*> t, U f P [ * JL, 1 4s _ * f L±l}} £5 


^'U) *. -o ( r -f- ~ 

/p L •S‘-3L 


k (,7. 


1_ * U Cg-Sj) 1 ? 


(180) 



lf» mm of a elreular inclusion will mw be 
eonsldexed* Inclusion is of radius unity and Its e«?ntre 
is at a distance t fwm the loading edge* 1st 
inelusion be repr«mt«i by c*- cot* +-<*)£ i m 

f.i» inclusion in it® afestne® of autris. tends 
to undergo tli® diapl&stiisnt characterised by 

u *~ +■ J u v= + <f 3 x 

i*i'o strain eooponeats, therefore* are given by 

•e.x.x-^1 ^ e y v =. and 

nr ally the ©as® of principal strains (^ = °) will 
be considered# the east of purs shear (6i=r x ~ o) would 
fee dealt with tfc® latter part of this efapter* If tbs 
above defer* time are ©p posed , the stress field 
generated into the inelusion ulll be* 

<-£,.) +-^<5\J , ]p^=o 

<M0 

The point fore# which mmm into play on the 
boundary of the in c lusi on t* - ay « «* t> « * : i • found ■ ■ 



ttm am mid im) <u*l is 


8 8 


P^S =. - i t X+-H) C & t^&x-) d.^ +■ i p. LS 

K . - <l3l> 

P^S a c^^+- t ( (^+|4.)d. ^ 

this* mm substituted i& (139) aad tb» 

ccatu-ur liitsgrils m® «valu&t«6* It mmy bm mUd Vmt 
m tbs inclusion femdsty r, f * »* sat 

tber«for«t a*? = -*•£, /t^-nf , 

tbs sxprestiuas will look ®i%ler* If tbs 
substitution# 2 ,»a+a» a e 1 ®' and z*» z-a = f aim 

mad®# Xtaus 
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the stress field aay to® found toy substituting 
above eoapl#* potential functions la relations Clift) 
and <lll?)* Hut it aust toe sees th*t the iaelnilon ha® 
m initial stress field given toy < 130 ) and this mast toe 
added to the one sot fros the function® .and ’ Hvo-) • 

Before proceeding tether m can verify that the aorrasl 
and tangential stresses eve continuous across the 
inclusion boundary* On the leading edge >> =o , of 
course the displacement van! she s t as it should* 

Using tut relations 

tVa. +■ ^> e x“ 1 

>U _ >W*- at *Ur e " l “ l , 



wtmm & r ,,U , K are radial# transverse and hoop 
stresses with respect to tise centre of circle n > 
(shown la figure a fag® fe 7 )* ffeey my fc# wed to 
evaluate the stress field at any point of tfce inclusion 
or tb® m&tiXt after superposing tb® initial stress^ 
field in case of the inclusion* we observe that 
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fh» acxrml and ta&gestlal stress at the 
equilibrium tat®rfaee are gives below 
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glm hoop str^sst a are di scout iauo us across the 

•G* 

iiiolusioa toouodnry susi to respective expression for 
the inclusion aM to matrix are I 
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may bo found. 

Integrating tte expressions (33$) and (133)* wo 

got to® following expreisloa t© fee wood in evaluating 
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*iy making use of above «preaeion» tta* diaplaeeaont 
field* la tlm iaeluoloa and ti» •atari* are given tsgr 
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In Urn tfpt&itu following this chapter the value* 
of fcfe© resultant bottud try stresses arc gives in foot 
©f tables i a Use msmmw sheen in prreedi&g eiupser* i.«# 
first title gives 3 omul (radial ) stress for Iwlmlm. 
and aatrlx» seesadi table gives tangential stress for 
the inclusion m4 tae aatrix* they are the sa?se for 
inclusion and Antrim due to eootiautta property* 
third table gives hoop stress is sb© luAluikb and 
fourth table gives hoop stress for the matrix* 

flit first column gtm® e%, seerind mlmn give# 
the stresses for the ease (1) and the 

last colttsa correspond® to the ease (li) r.«-s*.r, y js0 • 
is in its® preceding chip tar* v has 'beta taken «itel 
to 1/3 and k =. a (the plane stress oas#}§ and L 

(deaotod as l is the tables I takes the values 8 t # y 
4 y t y 1*4* l«l * fhe etresees at points of the 
Interface y which are near to the straight edge are of 
particular leporiaace* la the tables for l«m f 
the sudden change ia the values em be narked ms 
we pats free the lowest point to m». other point* 
fm change is pr^siaast as we approach near sad 
near to the straight edge* 
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IX 


A IS m IMUim HAlUtf ££&?• 

Ill thi# MeU^Q a brief serlev of the work don® 
by ‘Uttm (C*a» Is ^ivea* Zhl# relates to finding 
the soKplsa oeheati ils for the ess# of an inflated 
fore# In the Interior of infinite atrip* when 

(I) both the straight boundaries nr# tm% fttm 
stresses $ 

(ii) both tlit straight bemdarie® ara fr«e f*e» 
diaplaceamfca* 


Freviowa lnv#t tiga fei ana relating to elaat&e atrip# 
la a #tat# of i®nerali*ed plan® stress mm aai# hf 
mim <(38)) Sewlaai <(9»» t »pkiai «30))* iiaeddm 
((tfip 96)) aed others* 8ewe?er in tbeae problem® there 
W i no fore# in the interior of the strip* ©alar the 
houaiar y tr notions or displacements set* istelred* 
Kereeva* the real tariabl® isekmai ea® used* uhleb 
I# a hit laborious* But fifftn gate the poearfel 




o f using tlM eeispleai variables fof tolulai 
smh probless* 

ftas elastic auittvlAl occupies fcbe region defied by 


_ oo C % ^ 


Q <, 'i ^<=o a 


am 


wftere c ° it constant* ftoe 0©uad : iry stress## *od 
displaceacats art denoted fef 


^vv]^=^ ? 

lM^«r u * » t' K *-\~C Ux - 

firstly ceiieider problem of a strip subjected 
t& tlba following boundary treetlciis $ 


= fc 0 4 -tbl« 

^,+ ifci “ t < -‘ , * c,w 


( 1 «») 


How oof mis is to fiad out the couples potentials 
4os to a point force in the interior of the atrip* A* 
shown by tiffs®, tna IH3ftila| operations are perfortsed* 
first we assume that » f«) » g-oq « $oo, satisfy 

sufficient conditions for esi stones of Courier transferee 
wtiitli is found free the following relations 
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* P i aft ■y 

*L t IM) *rLA x ll&) — j -f Dl) e 4^1 ^ 


F^- (.**)- €,uo+- CfeJlM =. f e lUX £ML 


! u „ -LUX 


^CU.) - <r; (,u\ + C <fj- . W - j |W£ 






T (U)= T*. <U) + V •tj.Cu.) - | ^ 


04 - ■**«*.. 


for all real mlum of u t e.tuj^w ^1% 

<r > iu) j tw) ) T , j.w)ar® bouododi for all too negativ# fain®® of 
pareattev a * For th* sak© of brevity follovlog 
notations art «®*4 

t = U<b, fc siwl't , Cs C * 4W 

fii* r*al l&fe@gr& 1 »l* fuuotl .ot (M 14 -* > p *<■•*) * 

f ore tows froa tbt following relation® * 

_L- V f <* v (.t'-.-sN-t *-<?*) -.«! ( - t 6 r ^ 4 -srr,)J ^ 

JL-_[\l, t^ : t Z -t-CS) *-<r, C±c + S)-t Cfc^*^] . 


r, - 1 r f f t^-sVcs-t)^ <tU tc-S) 4 -t Ct-^L-^)] 

1 J v 

y^ = V— -T ts 1 '-t a +fc- cs )+- <f, Cs-to> 4 - i (€ i 0 ^ 3 ~J 


litil 



ftmu ic») He*) *04 ^(z) mr9 99 follows i 



h 

4f 


1 * i) = air J%t w S^°V lu] } e £xU <dUt 


J(x)= -e tzu au 



K( - zi “ i*^-J e L *+ dM - 


iim) 


ttm vbieb 4,i*> and ^u) ay® found as 

follows I 

*.<*->* , +.<*)* i 
^O) = 5 J W4 z , = - z t t*) - + < c ^ •, 


(14©) 

<^t*) - f HW4 1 tw = -7L<^0) +- 4a.t*-) s 

%(j-) f KW 4 z , ^izja-x^d*)- V-*> » 
and teaoo 


=. 4- 0 C2-l 4- 4\C*) t-4v^ +- 4*2,^) 


<iif# 


Vf Cx) c. 'Vo t -2 -] C>^ +-4xt z ) +■ 




A« stew by tkttm these potential functions solve 
the prot&ett of aa Infinite elastic strip subjected to 
the specified trawtl«ns on the straight edges* 

Tm effect of point fore© in aa infinite strip 
aay itow be easily fount a® follow i 

QmsMm ssa infinite plat® ia the plan® 

vhm a force P *■ sets at point z =• (c<a <<v) # 


Ibis gives rise to stresses everywhere ia Infinite plate* 
Suppose «e consider the tractions trensnltted on aa 
Infinite elastic strip (141) oat off froa the Infinite 
plat®. M® nullify these trantlons by applying 
tractions opposite to those traasoitied by the tafia it# 
plate* W® superpose these on tbs stresses already 
present la the strip* fids gives us stress-field la 
the infinite strip* 

the wmplm pot®atlals t due to aa isolated fore® 

P- X i Y at any point *■=■ b •*'**■ $ in m infinite 

aedluR are given with the use of (Mi m 




p LupyC z.-b-uQ 
a>tr ck-H) 



bofr- (z-b-t-X) 
afTCKM) 



(b-i^J P j 

-2.rro<*-i) Cz-b-tA) 


+- 



ft 


t *, H ) 


m %f<& isfialt* 




2.W (K.^1) 

IPyvi 

CK 

-i) [Xc>*--b)-Y<. "<-«)] 


b)+Yc^-A)J 



t-x-bl^-h iy-a)*- 

[ C«-b'i :l 4 

- iv—f'i*- 

a. rr(K^-s) 

1 fofOj 

CK 

-oYtx-b) 

n iv-oil Y i* 

-b) - x. ^ -«f| 


(X-fa) X 4- t y-a.)*- 

{ CX-b) 3 " 

+- t v-a)*-} 3 - 


If 

Slit 

tom^ar? #f H* 

i- strip As 

t>0 la ttbW: 

ff*»* 1 

tft • 

Wftli 

sat %tm%im$ m 

it* strain' 

J? Ifl'S is k£ * 

b&al 

ite& ^ af^lfiag 

M $8$* -if "4 $$4$ 

•Satina chi 


ff 

sMtts »f# tfpatftt 1 

trO iff 

»n&t4 frt® # 

Cl«l* 

#8 

.@f* 

vt t 

»©aM tp§i3 

r tiit fall® 


i m 

tb« iMiskdary 1 ## 

8il# 


3LTT(k>n 

. o 


• -oLxtx-bj+Y (+<#] , 

M a - l ‘[. Xcx-b) 

-Yet] 



a. 1 


a.Tt (K+-V> 

0 

CK 

-i)Yix-b)-(>^-3.jX-a 

4a x [ V Cx-faJ-bX-oTj 

Ki'j 


t-X-b )*-+- 

1 Cx-b)- 

+ « l f 

A TT 1 VC.4- 1> b ' 

-CK-oC Xl*' b ) -YtCo-«j] 


-b)+ Y(Co-ayj 




C.-x.-b)’-*- CC-.-a)’ - 

{ t«-b v 

L + Cto- 0 ) 1 } 1 


b' 1 

CK~ 

0 V(x-b) -t- (k4-3)KC<V 

•«; L i,(c.-«fr Yl*- b ) 

a t* 

rx\j 


Cx-b) x 4- C c 0 -a.) x 

t 

)^tc 0 -«) a 3 i 


§»!• 

Il»i fttea* ItWfit 

mm ®bmimsk pit 


( 140 ; 


Uk8 


imt 


y~o 


Y = c « 


la Ci4i) t «arf a%aa«lag t3» a%p 


Of tl* terse* 


Baacc m have to solve aaotlaer profele®, when oa 
tfo® «dge« of tli© strip, traction® gives by equations 
(ISO) are applied* Ms is don# wit* the help of the 
result* given earlier la this chapter* with these 
value# of & , ^ the functional 

value* of foo, P(x\ > £, tx.) ar® determined twm 

equation (148 >• fhtse are then substituted is (143) 

end , t,M+ Ctv< u ) , ’Hlw.'H.* 0J.C*-) j O'.iajH-dT^iu.; 


evaluated# 

e, <“) +■ i ^(M)^ 


are as follow 


• -i.ucb-Ca) _ -i 

ie JvcP — 


2CK-H) 
~lcl( b-tdL) 

e ' 

£ (.K4-\) 


jj«.P +Ct4-2-OU4.)pJ ? 


. -CUi -lUtbViA.) p -1 

*-, W +- 1 <r v tu) s - L I———— - I kP - \ V + 1XU CQ>-*)J pj 


^lU) +- i n^vujss 


Cb+-(a) r - 


at*-*" 1 ) ^ 


r k p + 1 1 - su t<5>- ft )}pj 


C181) 


these value® enable us to find it-*->, Jw,hw,ki«j 
froa equation* (148)* 'we are interested in finding 4>*cx) 
It any fee directly teen fro* (14*) that 



wfcenee <*’(*> «*Y te written as 



"1.2m. 

* e 


i 




yy-u -g. 

a. 



dJX 


Substituting for P>< , pv , *• , Y % C144), m get 

*^ = JL J 4o j^^^^sVc i 4-fcU JL ^ c M- c*c +***■*) c<n«:^) 


+-C £ (.s v +<s-t)t^,-*' i -0 4 ‘ 


+ g LZt * f tsh-cs-t) C^i-‘^ a -)' < ' ltc_ 


ts-v-s) t«r*,-^L^) 



_i t «Wtl t«.-S> -I 


substituting stove fw» lift) for > fe ‘‘ H ' fe * ) 

^^c<t a 9 m get after sm» siapStfioatian 


C f°°r e *- xu ~ L bur p^ K ^-‘ w \sVcs.> +.-a.uCci-a.>e' <C<1 ’ cc V+St) 

* ~ VT(K.4-») ) I S v - t v l 

+ .Se~ UC<i '‘" t) 3-P [.a^e^sVcO**t «**•*« e*** tet+^Qjj 


-i*u. f-ibu r 

« l 

s*-t* l 


.all ~U.t,Co -<*-) 1 

_p ^wtte t-Mfi +• t> c-s * 


)sn 





i#xt m find {w « IMs is ototai md m follows * 

mm «i <un 

% lx\ = - z. 4^Cx) +■ 4. (•*) +- ^UJ - 4 t U> - 4 3 Cx) 

Hov 4 * 0 ) ia known fro® {um) t aid ,V*>, 4 ,c*a,4 3 c*-) 

any |>® found fey evaluating (140)} w&«tae# Mt*^) e^a b@ 
found* Applying tfcts# esspinai potential funetioas 
for ^c.2.) and M^ 2 -) tbs stresses in tfe# infinite 
strip are fowl fey using the foiawla (lia) and (life) 

1*«* 

- 11 i £ *" w *■*>>} 

wfeenee ^ , V# w® found* f ties# are now 

•qpevposed ©a the eaiati&g atrea#~field given la (149)* 
Hone# tli# profelea of a strip wier tlae motion of a 
point foro#| sad fr«# froa «xte?*»l tractions st its 
straight edges* is solved. 

d#ait we eeasider tfe® ess® of to infinite elastie 
strip under the notion of a point fore#, wfeea the 
straight boundaries are free fro® displaceaeats* 
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to do this v© solve an aaa&liary problsa* 

tot tto displacement on tlw towdary fee prescrlfeed 

as follows « 


u* +-iw.-y - •foo 
u* +{alj - +-l 


(1S3) 


S®ro no use the s&ts# sj® cols ■f ^ t ^ l3t ^ 
as ia previous east since toe treatment is similar* Is 
•gain define , ^ ct *-'“' V ^ 


as la (143)* fkm vrnwmm^m wl»* P" >^o *« > r *- 
»r® -gives by 



^ S» " t *—> 

* 5t[ 

(164) 

Y 1 _ +- *s) [ e fc {- Ck+ 1) e x 4- t*« *' yj 

- ts [e e £ tK-tW|<-t£ x | - lcc ‘3| 

t- - 1 \ L ^ 5) {^{ CK. t )S ( V^4-^,] 



arid syafeols , JtM, h^), kc*> Jmv* tins saa® 


fundaMBtaX walwg as fens teeen da fined in tbs pmvi ms 
mm ^ equation Cl4&}« 

In Hid* ca§® t to® function® 4v^ , (.r=d,s^) and 
Hvt*) , (r**,v>*) art evaluated m follows i 


nK J 0 L J 

4 - (^. 5 -. tit f &> 'e CzU | fe»l a ) JH ^»J- u > | <1 m. j -*4,tz.) +-K-4.U) 

iW- ^ He*-) 


C1*W 


,c* -i^>ex) 


4s>cz.) = Ke*i 

K 


4* CZ.) =. - 2- 4 -C*-) +■ ^ ^3^) 


vimmm m obtain V*) soft % tbs w« 


formula® given ia equations (I47># 

in previous eas® to begin wlttof se t#*®la® 
taat this poiat-foroe is noting in an Infinite mA%m* 
gives fit® to certain displacement everyiftjere M 

is given W 


mm wn u, - ^-K)X-^X 

(iM) 






c»-b) v r- 


_ c1 *k)Y -hY Ao^ 



If Um boundary is to 'm displeceaeat free* we 
smat nullify tte dlgpleosaents u * •, u *. > given 

by (llid) by putting ^ ^ o md e-o . 

It is mm fro® (166) tMt the displacements to 'be 
nullified ©ont&la terse wfclefe are infinite at infinity# 
However* fit fen taa shown ((ftj) that the po tentlftls* 


e f z.) - __£ — lo«- (z-b*C<a.) 
2 .TT(.K-M) 0 


H^C- 2 -) - - X 4 -W) 


P-* P t -I<p 

a.TT(.K-H} XTT (K. 4 - 4 ) 


jlii^ ( 2 .- b +•<■«.; 


called *i£M:^e potentials* re&ove infinite ter as in toe 
along ^ — o sad eon tribute aero 
along o * f set® potentials also 
MKiEovc t be non^vsto scent 41 sple«<pw*it along *i=c« * 
these give rise to the following aXeplaecsaents * 


m?ntm)u K _ x ~ b j.l _ c v-m x •M^xh>^-((‘>i-V))'+cv<- A ) v J 


UnfUKbUJy. -a -y t. XC*-b)+^ ^ /t 4-ioy ♦.k'Y ^°‘T ^ £*'*»)*+• ] 

(x- b ) v .+■ (,'J-t-a) v ~ 


« 1 »> 


% superpose dlsplaeeswmt over that in 

{Xflft) to get t t* # ilsplsetssits to be nullified# fbus 
to free its® straight edgts ©f too strip fro® displneeoeats* 



m require tli® staple* potentials wftico satisfy fctoe 
bound ’try eoaditloas (given hj taking oia&l and opposite 
displacements to tfcot given hf {2M) mid O0f) m m = <* 

and n- Co )* 


^xrCfc+i) u* _ ^v^-b) 

C* -b )*~4- a. 2 " 

a 1 


UCKH) Ux — XCggjz VCCo-^C^b) ^ + W *' b) _ 

C*-b ) x + iCc-a.'i*' +-C<*4-«.) 1 - 

4. »iiL lo^ ^j-± 

*- U' b)% 

aTt(ltH)a ’ _ a.Xtx-VQ 4 -Q.Yc^ol) 

‘ - fA-bi^-V-CCo+a) 1 - 




0[ 




Cx.-b) 4-cc«.-t^tr ' 


Hsase ee solve tla* pfofelea of a© infinite strip 
nilli %ti* bounds itsplteeeeats &iv«a by equation* U®)* 
f»#® give os tfe® mlmts of f «*-\, Poo • ^c*-) , ^ t*-) fw® 
it® equation* Clift) ®£»e« , s.oo+t^iu) , 

££$ evaluated using siWitloB (M3)» ftii 
results nr® at foil®®® * 




+ A p ^-Cutb-ccc) 


'X~ : <" e 

2 . JH c S<-+- 1 ) 


t.»ct % = ~ (<t P £ Culb ' Ca) 

l^CK-H) 


-t 

<r,+-i<r^ _ -e 


•xfJ.LX-4-l) 


swiKm )(e tilU j 


(m> 


r >t^= i£L f 

ZMttc.+i) L 

By the process indicated earlier %® obtain •K*< x ) 
and v(^ 2 ) • fa® imetim 4fco*j ia obtained as follows t 

It i* derived fmm (133> that additional eoapl®* 
potential futtftt ion* distliifuiahed by subscript a « I# 
given by 

\i.-z~) - — ~ - | +- y i *^ y 3L +- 

f- e C * 4 | jt&liM +. ij oLc 


mibs 1 1 luting ia this expression fra® (lfiil fw 

*. > ^ # *• tow 

fa*) ^ ^ f (*.i+i* x \ \ V?tc«> - H ti 4- L <>* t< £ x ) £ K*&t<*S) 4-**| 

2 *" ) 0 L 

V + | l<t LC+S) -K v i| -iiti 1 -OQ ^V<t<- C +S) +Ks|^j '+ — 



a*2U r 

f cc-s) v k t ^ _ £ i €-, -c ^ ) £ K \cc- s) + k t- j 

- | KU'H)-K^ * Cefr,-Cct a _)^kHc-s) + k.\|JdUi 

am} 

Sow sufeitifcatl^ (3&®> late (lid) for ‘*«* L '**- ) 

‘T.+'L^l g*t 


4 wc*> = 


\ f 60 r v. — 

> = ± 1 14 ks(c*-s) P 

lTk.C^+'O J KV--t*“ L 




ZKtP|c,€- 


-UM.C *>+•<.'«•) -ia(b-CA) .iutb+i'a) 


- Co «■ 


a«. 


} 


-K^P 1 p{ aatb^C^.-^, 


-IZll 


k 1 -^— fc 1 - 


CN i-ttO 4- **-) ». , =(. inCb+t «0 

a.«^tPe. L ^ 4-rLKscc-s>p|c 0 e _ Co e _« e j 


1 . iTT ( £att»-CA) itttbH'n)) 

K?a*Cc-s} P { e * «. '} 


K.^s C c -S> P | *L 


vuCb-LA.\ lUtbVi'fi) > "J 




duu 



*bt function %t*\ * t obtaia*d fy«a ( 1 M> 

=. '■Yo tz) + v V l t*) +■ +■ % C*) 

= -x V K J 4,Cz)+ V*> “ *-t*> ~ 

Side*) V a u> is teem froa ( 161 ) md 

+ * w ) 4 '. <>> tv# givtn toy CM 5 )» tobt fVMttoA %xz> 

•an tot tttily foasS* 

»» now tvtiuit# fcht #t*«»t**#ttl 6 gim by 

l 9 ** + •= 4 ke (*>>} 

2.(^4wtx)+-H>Uz)] 

sa$ guptbpoto to ilfuljr txigfciag sto*#«s (l#)t tb*»«bf 
obtaining tettplttot itMu ti#M dm too a point Smm 
in to tot ttoflp *rto*» Its botnAtry is fvtt f*«* AigpXtctMmtg* 





ssasa . .as n as i&ma n st/uac hisuhe 


W» consider the following fret;!*® i 

In m inf ini fc© elastic strip a gyaaetrieally 
situated circular inclusion tends to undergo a 
spontaneous deffeiMtloa* Pus 'to the presence of - utglde 
region (called aatrta) the stresses develop hath In the 
incliwioa aa4 the matrix. The problem is to fled the 
stress end displacement fields. 

I Ms work any be ©osapared with earlier solutions 
relating to inclusion problems, sanely U9» W$ 13, Mli f 
where the region Mb keen infinite, and of Bh^rgava 
sod kspoor ((!§)} aM Bbargava and Share* (unpublished 
work reported is this thesis) dealt with the problee 
of the inclusion In half*plao». is this chapter we 
consider (for the first time to the knowledge of the 
author), the profcU* of a circular Inclusion is as 
infinite strip. 





Steoaiag x and % systems In 

accordance with tel® figure 3 page us t it is seen 
tlsst tte fcowdsry of tie circle of radius R is given 
by R • ttm center# of the circle is span*© terl sally 

situated witMo to® strip. Oat edge of tbe strip teas 
testa taken a# real axis acd a perp endieular line to it 
in toe plane of the strip passing through the mm tare 
of tls® circle teas teen token as Imaginary axis. The 
strip is bound toy the lines and extends 

fro* -<*> to +- 00 In •*- •direction* 

tkm inclusion in absence of the sorrouadlag strip 
ter4s to uadergo ml tam pro scribed detoroatioa 

^*X — S' J a 5 “ J e it_^ =■ 0 


vfetre £ lie# vlttei n the Units of tkm olassl cal theory 
of elasticity* fa#* free inclusion* state is not achieved 
due to the 00a strain ts of Um strip* thus looked up- 
aeeenodatl&n stresses arise tooth in tbo inclusion and 
the nutria* the stress and displacement Helds inside 
the inelusion end ttm strip have teen evaluated in this 
paper* desuits ere given in the tables given in the 

appendix » toll© wing tills step tor* 

the prefelea has been solved toy utilising the 
concept espial lied in 0 hap tor 11 page 1 h * ’the procedure 



first m mlm the problea vhea the ©ireular 
iacluslaa is present ia the infinite jseditxs* It has 
its matt® at •2-=^ c -/o. aisl reding R • At tMs stage 
if w® oomider the strip $c„ «ai j, B 

th® infinite regies, tim tractions would fee present at 
tt* edges 'i — ® md ?*€* • these true felons ee nullify 

toy shpsrpcsiag, equal and ©pposlte tractions, thus 
ottalalaj the solution of a circular iaulmioa In an 
elastic strip eifeh the traetlca-free edges# 

fim soluUca of the prottlsa ia the infinite region 
Is wcllHcaoisi* ths solution is gi .eu ia chapter II, 
page I 8 | 

L lC4~l 




3lIk->)CW»->* R. 1 

“ *?■ 


U0i> 


IffeftS® - 2 --i- c »/ 2 . . 


It can t® steen that the mm®l mm I shearing stress* • 

Htp. ■, ^rs, at the equilibria® interface at this stage 
are- > 


tU' L W P R*- ll W- ^ ’ 


CM) 



1 2 . 

where w@ have used the obvious notations S? R ^ , 
for mmtkl >m& shearing stresses on tbs inclusion 
boundary ISI=R * Ala© ©a the teuaiary the hoop stress 
in tbs inclusion arid the satrix are given by 

w b _ _ KMH ^Qc-1) 

'6,6, ~ K+l 


C^-‘) 

l fr[&4 - — 


( 1*0 


is Indio* ted in tfcs previous chapter* the effect 
of a point force P = X+-i'Y aeting at b+i«. f giving 
traction free feowadary or the leading odgos 9 can be 
expressed in tsrn# of eenplsB potential (1*8)9 because 
the other function is related to *«£*-) by 

the follow! as relation 


*V*) = t *„o> V’-lj (l®§> 

where 4<-i^ , [r~v>M} are given in (14#)* 

the ounulative effect of oontinuous distribution 
of layer of point forces acting along ^ in the strip* 
instead of a single point force say be obtained fey 
integrating the expression (1*3) along the contour n • 
After sene ealculsticns* wo srrivo at tho staple expression 





Cl^VKXj r 00 ^ r CrtL + u^/2. -tzu-uco/'-Ll^ 

K+V J a s+t |_ *" ^ J 

SI f f*r«ntlatl&f <l§6}» v® g®t 

'Y'aC*-) = -2- 4»^CO -2_$ {&&) 

f© flat Vt*o wfe*a tb® layer of point fore® i# present* 
v® cutAtitute ttm v*lu®a of V unci > ^3 o) tvm 

< 146 } la (UP) mad inttgrat® mmd the esntour r * 

Iftsi* son® calculation c® obtain 


'V U)-_ 




r 60 


Kfl 


1' 


iz.UL~U.Co/^ -CzU.-'-^o/a 

v£ (s+-C 4 -t)+^ (_ e.— 


4 -C*lO 


[zU+^/a- 


e 


!] 


cLul 


<1«> 


So get its® #tr#ar*Il®M la tte m *66 

tn® follcving tore® stress field# <11 tv*. **• _2 - c w ^ > tV'j ^ 0 


\> iN =- s-cs+w 5" niii®ti l« obtained by reducing It to tls® 

oil® of t»l« <11} itx®i#'fl®M it* to infinite matrlar 

vbitb stall &t obtain®*! by using <1®S) ®nd Hi® 

(11a, b) (1111 idditlaoal stroto field givoa by <0 * ^ 1 ®* 
petontlslo <»} ®aA U®®l to tia® iafiait® strife 



bso&mse its loading Mips ai*€ to fee st» ashfree* 
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